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TO T rtl 



KING. 



SIR, 



As 'the writings of Archiniedes were addreffed tcJ the King of Sicily, 
who had perufed and reliflied them, fo I do myfelf the honour, to ad- 

> • ■ 

drefs to Your Majefly, the following account of the Life, Writings, 
and Inventftns of our Britifh Archimedes, in which, I can claim no 
other merit, than having (endeavoured to call forth and illuftrate the 
abilities of others. I feel great pleafure, in dedicating this Tra(5l td 
Your Majefty, after the chafte and dignified model of Antiquity, be- 
flowing on the King, the merited encomium, of having promoted the 
Sciences aod Arts-, with which it is connedled ; and in alluring Your 

* 

Majefty, that I am, with the greateft refpedl. 

Your Majesty's 



Moft dutiful Subjed, and 



Obedient hximble Servant, 



BUCHAN. 
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ADVERTISEMENT, 



%yxB OUT twenty years ago^ I thought it would he eafy to hring together a groups 

m 

of learned men^ who would dedicate a part of their leifure to erefl Uterary monuments 
to the memory of their illu/irious countrymen^ whofe lives had not been hitherto 
written orfufficientlyillujirated; andlwifhed fuch monuments to be fajhioned and ex^ 
ecuted by men perfonally eminent in the departments which dijiinguijhed the fubjiUs of 
their biographical tefearch^ and not by the affi/lants of a bookfeller or compiler^ who 
cannot be expeSled^ however faithful and accurate^ to be animated with that love to the 
fubjedy which the Italian Artiji rightly conjiders as the foul of his enterprize^ and 
thefource of its perfeilion. 

In this expeilaiion I have been dif appointed ; and though I allow the higheji merii 
to the Briiijh Biography ^ now republijhing by Dr Kippisy yet in the immenfe extent of 
fuch an undertakings I perceive the impojftbiliiy of its reaching the perfection I have 
propofedj without the addition of fupplementary articles and connections^ which would 
have been in a great meafure unneceffary^ had my plan been adopted; becaufe the ar^ 
tides s being written with care and with zeal, fo as to fupport themfclves in an ifo.^^ 
tatedflate by the public favour ^ would afterwards have been taken up by fuhfcqucnt 
editions into that great repofitory If biographical learnings in a highly finifbed flaie, 
and purged of the errors which are unavoidable^ in thefirfl fabric of works cf that 
naUire. 

b 117/5' 
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With nfpeSl to the biography of Scotland ^ one of the judges there ^ who ivould have 
done it honour in its beji days^ by his virtue^ his attention to the dignity and duties of 
hisflation^ anji the vfeful employment of his leifure^ has generoujly offered^ by an ad' 
vertifement annexed to the Annals of the Lives of John Barclay^ Author of Argenis, 
and fome other learned Scots y to forward the undertaking I wijh to promote. 

Encouraged by the ajjiflance of an affociat^^ fo able andfo liberal j 1 have prcfumed 
io offer the following Biographical Tra6l to the public ^ as my mite to a Treafury^ which 
/ hope to fee enriched by many^ who have the ability and the generofity of my refpedable 
coadjutor. It was indeed by that excellent man, that I was originally encouraged to 
frofecute refearches of this nature. He applauded that difpofition in a young man of 
quality y which leads him to the fiudy of the hifiory of his own country ^ not in pamphlets^ 
fatiresy apologies and panegyrics ^ but in the private undifguifed corrcfpondence of the 
great. 

A man who fiudies hifiory in this way^ will fee that the fame charaSlers are re* 
prefented by different aflors : introduced behind the fcenes^ he will fee folly 'dr effing 
itfelf in the garb of wifdom^ and felfijhnefs affuming the mafk of public fpir it ; and 
among the learned^ the plagiary flealing away the laurels of the modcfl inventor. He 
will fee great events ariftng from inconfiderable , caufes^ and men neither devils nor 
mngelsy but a compofition cf good and bad qualities ^ fuch as the men of the world can 
fee them every day in common life. 

J flatter myfelf that this article of Napier ^ in the Biographia Scotica^ will be conftder^ 
ed in fome refpe^s^ as afpecimen of the plan I have defcribed^ for it certainly has been 
written con amore. In the fcientifc pari I have received the afftfiance of a gentle^ 
man^ who deferves to be better known^ on account of his mathematical learnings and 
4 he accuracy with wl/uh he treats thefubje^s of his inquiry. 

If 
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If the following puhlicationy Jhall have the good fortune to meet iviihthe approbation 
of the learned worlds *iis my intention, to give an account of the lives and writings of 
Andrew Fletcher of Salton, and jfohn Law of Lauriefion, on the fame plan. The 
firji undertaking willfurnifh me an opportunity, of reprefenting the ancient conflituticn 
of Scotland, in what I apprehend to be a clearer light, than has hitherto been offered ; 
and of treating the caufes and confequences of the union between the two kingdoms : 
and the other will open an ample field for exhibiting the diforders in the finances of 
France, occaftoned by the expenfive wars of Lewis the fourteenth, and the Miffifippi 
Scheme, and for explaining by what means they have been gradually remedied and 
brought to a fiate, which has enabled that nation, not only to bring her naval force 
and her trade to a dangerous rivalflnp with this country, but to obtain that credit, 
by good faith, which informer times, had given fo decided afuperiority to Britain. I 
am very fenfible that there are many men in this country much better qualified for 
performing thefe tafks than I am, and I think it. an honour to enjoy their friendfhip : 
but men of great reputation generally feek for refl in the evening of life, and avoid ex- 
fofing their laurels to the blafi of envy, in their declining years. 

Thefe, I hope, will be accepted as fufficient apologies, for my venturing to occupy fuch 
ground, and I beg leave to invite my learned countrymen, to aid me in fo noble an un^ 
dcrtaking, as that of raijing monuments to the memory of the illuftrious dead. 

/ have only to add, that if thefeparate lives of illuftrious perfons, fhould be written 
on the plan I propofe, and were accompanied by portraits, elegantly engraven by the 
befi artifls, and the whole executed in afimilar manner, of the fame ^artofize, and 
with the fame Type and Paper, they would gradually form the nohlefi work, which has 
been (ffered to the republic of letters, in any age or country. 
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Have undertaken tt> write thfe Life of John NapieU, of Merthlfton, 
a man famous all the world over, for his great and fortunate difcove* 
ry of Logarithms in Trigonometry, by which the cafe and expedition 
in calculation, have fo wonderfully aflifted the Science of Aftronomy, 
and the arts of practical Geometry and Navigation* 

Elevated above the age in which he lived, and a benefa^^or to the 
world in general, he deferves the epithet of Greats 

Napier lived in a country of proud Barons, where barbarous hofpi- 
tality, hunting, ^e military art, and religious controverfy^ occupied 

C the 



lo LIFEofNAPIER. 

the time and attention of his contemporaries, and where he had no 
learned fociety to aflift him in his refearches* 

V 

This extraordinary perfon was born at Merchifton, in the neigh- 
bourhood of Edinburgh, in the year 1550*. 

He was the Son of Sir Archibald Napier, of Merchifton, Mafter of 
the Mint in Scotland, and of Janet Bothwell, daughter of Mr Francis 
Bothwell, one of the Senators of the college of Juilice f . 

That his family was- of ancient eftablifhment in the counties of 
Dunbaiton and Stirling, appears from the public records, and from the 
private archieves of his houfe. 

John de Napier, from whom he fprung in the 12th generation, was 
one of thofe proprietors of lands, who fwore allegiance to Edward the 
^i&j of England^ in* the year 1296; William^ from whom he count- 
ed in the math generation, was Gdvernor of the CafUc of Edinburgh^ 
ia die year 1401, whofe fcwa Alexander^ was the firft Baron or Laird of 
Merchiftoxi, and was the Father of another of the fame name^ who was 
Vice Admiral of Scotland, and one of the Commifiioners from king 
James the third, at the court of London, in the years 1461 and 1464. 

From the family of Lennox, Earl of Lennox, he derired a coheirlhip 
by the marriage of Elizabeth Mentieth, of Ruiky, to his great-grand- 
father's 

^ Af i^pears \j «9 in fuip ti p a cm hit portrait^ c^grsred hf d4 Cooper^ firoxn ia original pakting* 
t Craufurd'a Pctragc* 
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father's father, Sir John Napier, of Merchifton : but on his anceftors 
he refleded more honour and celebrity than he received, and his name 
will probably be famous, when the lineage of Plantagenet will be re- 
membred only by genealogifts, and when pofterity may know no more 
of his, than we now know of the families of Plato, Ariftotle, Archi- 
medes, or Euclid. 

It is fit, that men fhould be taught to aim at higher and more per- 
manent glory than wealth, oflEice, titles or parade can afford ; and I like 
the tafk, of making fuch great men look httle, by comparing them 
with men who refemble the fubjedl of my prefent enquiry. 

From Napier's own authority, we learn, that he was educated at St. 
Andrews *, where writes he, " in my tender years and baim-age, at 
fchools, having on the one part contradted a loving familiaritie with 
a certain gentleman a papift, and on the other part being attentive to 
" the fermons of that worthy man of God, Maifter Chriftopher Good- 
** man, teaching upon the Apocalyps, I was moved in admiration againft 
" the blindnefs of papifts that could not moft evidentlie fee their feven 
" hilled Citie of Rome; painted out there fo lively by Saint John, as the 
" Mother of all Spiritual Whoredome : that not bnlie burfted I oute in 
" continuall reafoning againft my faid familiar, but alfo from thence- 
" forth I determined with myfelf by the afliftance of God's fpirit to 
" employ my ftudy and diligence to fearch out the remanent myfteries 
" of that holy booke (as to this houre praifed be the Lord I have bin 
" doing at all inch times as convenientlie I might have occafion) is?c. 

The 

* Pre£»€C to Us pUn difcoveiy of the Revebtioa of Si* John* 
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It LIFE OF NAPIER. 

The rime of Napier's matriculation does not appear from the Uegi- 
fter of the Univerfity of St. Andrews, as the books afcend no higher 
than the beginning of the laft century ; but as the old whore of Baby- 
lon, ailumed in the eyes of the people of Scotland, her deepeft tinge of 
fcarlet about the year 1566, and as that time correfponds tp the literary 
bairn-age of John Napier, I fuppofe, he then imbibed the holy fears 
and conamentaries of Maifter Chriftopher Goodman, and as other 
great Mathematicians have ended, fo he began his career with that 
myfterious book. 

I have not been able to trace Merchiftcn from the Univerfity, till the 
publication of his Plain Difcovery, at Edinburgh, in the year 1593*; 
though Mackenzie in his lives and charadlers of the moft eminent wri- 
ters of the 5coti£h nation, informs us (without quotation, however, of 
any authority) that he pafled fome years abroad, in the low countries, 
France and Italy, and that he applied himfelf there, to the ftudy of 
Mathematics. 

In the Britifti Mufeum there are two copies of his letter to Anthony 
Bacon, the original of which, is in the Archbilhop*s Library at Lam- 
beth, entitled ** Secret Inventions, profitable and necefTary, in thefe 
days, for the defence of this Ifland, and withflanding flrangers enemies 
to Gkxi's truth and religion,'* which I have caufed to be printed, in the 
Appendix to this TradL This letter is dated, Jime 7, 1596 f, about 
which time it appears, as fhall be fliewn hereafter, that he had fet him- 
felf to explore his Logarithmic Canon. 

I 

♦ Printed by Andrew Hart, 4to# t Ayfcoaglcs Iat« ▼* i* p. 1$$. See Af^endix N^. u 



LIFEofNAPIER. 13 

I have enqtiired, without fuccefs, among all the defcendants of this 
eminent pcrfon, for papers or letters, which might elucidate this dark 
part of his hiftory ; and if we confider that Napier was a reclufe mathe- 
matician, living in a country, very inacceflible to literary correlpon- 
dence, we have not much room to expedl, that the moft diligent explo- 
rations, would fiirnifh much to the purpofe, of having the progrefs of 
his fludies. 

Among Mr Briggs*s papers, preferved in the Britifli Mufeum, I look- 
ed for letters from Napier, but found only what Mr Briggs calls, his 
Imitatio Nepeirea^Jive applicatio omnium fere regularum^fuis Logaritbmis per-- 
iinentiumy ad Logaritbmos ; which feems to have been written in the year 
1 6 14, foon after die publication of the Canon*. 

Though the life of a learned man is commonly barren of events, 
and beft unfolded in die account of his writings, difcoveries, improve- 
ments, and correfpondence with the learned men of his age, yet I 
anxioufly fought for fomewhat more, with refpecfl to a character, I fo 
much admired ; but my refearches have hitherto been fruit lefs. Per- 
haps from the letters, books, and coUedtions of focieties or of learned 
individuals, to which I have not had accefs, fomething may hereafter be 
brought to light : and one of the inducements, to offer a fketch of this 
kind to the public, is the tendency it may have to bring forth fuch in- 
formation. His plain difcovery has been printed abroad, in feveral lan- 
guages, particularly in French, at Rochelle, in the year 1 603, 8vo. an- 

D nounced 

♦ Ayfcough's Cat. vd. i. p. 389. 



14 LIFEofNAPIER. 

nounced in the title, as revifed by himfelf *. Nothing *could be more 
agreeable to the Rochellers, or to the Hugonots of France, at this time, 
than the Author's annunciation of the Pope, as Antichrift, which in this 
book he has endeavoured to fet forth, with much zeal and erudition. 

That Napier had begun, about the year 1593, that train of enquiry, 
which led him to his great atchievement in Arithmetic, appears from 
a letter to Crugerus from Kepler, in the year 1624; wherein, menti- 
oning the Canon Mirificus, he writes thus. Nihil autemfupra Neperianam 
rationem ejfe puto: etji Scotus quidam Uteris ad Tychonem^ anno 1594, Scriptis 
jam fpem fecit Canonis illius mirificiy which allufion agrees with the idle ftory 
mentioned by Wood in his Athense Oxon, and explains it in a way 
perfedlly conlbnant to the rights of Napier as the inventor ; concerning 
which, I Ihall take occafion to comment, in the account of his works : 
nor is it to be fuppofed, that had this noble difcovery been properly 
applied to fcience, by Juftus Byrgius, or Longomontanus, Napier would 
have been univerfally acknowledged by his contemporaries, as the un- 
difputed Author of it,. 

No men in the world, are fo jealous of each other as the learned, and 
the leaft plaufible pretence of this fort, could not have fsdled to produce 

a 

♦ This cation was publifhed on the firft day of that year, in the end of which the Synod of Gap 
did declare, or moved to declare, the Pope to be Antichrift, which had never been before attemptedi 
by any body of Proteftants. See Sully's Memoirs. 

With refpc6i to Napier's fandful calculation of the completion of the prophecies,^ concerning the 
dpration of the world, the year, in which this monument is ereded to his memory, immediately fuc- 
cceds that fixed for the end of the world, and no doubt muft be the year of judgment, with refpeA to 
the authenticity of bis difcovery, and the merit of thofe arguments^ which are brought forwanTto 
fupport his clainu. 
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a controverfy, in the republic of letters, both in his lifetime, and after 
his death, when his praifes were founded all over Europe *• 

When 

• To quote authorities in this place, would be to give a catalogue of all the Mathematical and 
Ai-ithmetical books of that age. 

His moft outrageous panegyrift, is Sir Thomas Urquhart, of Cromarty, who has given us alfo fo 
ridiculous an account of the admirable Crichton, 

In his Jewel, Urquhart, after having referred his readiers to his Trigonometrical Work, entitled 
Triflbtetras, for the praifes of Napier, thus mentions " an almoft incomprehenfible device, which bc- 
** ing in the mouths of the moft of Scotland, and yet unknown to any that ever was in the world but 
" himfelf, deferveth very well to be taken notice of in this place ; and it is this : he had the fkill, as 
** is commonly reported, to frame an engine, (for invention- not much unlike that of Archyteas's Dove) 
•* which by virtue of fome fecret fprings, inward refforts, with other implements, and materials fit for 
** the purpofe, inclofed within the bowels thereof, had the power (if proportionable in bulk to the 
a^ioa required of it (for he could havei made it of all fizes) to dear a field of four miles circum- 
ference, of aU the living creatures exceeding a foot in heighth, that fhould be found thereon, how 
** near foever they might be found to one another ; by which means he made it appear, that he was 
** able, with the help of this machine alone, to kill thirty thoufand Turks, without the hazard of one 
** Chriftian, ! " Of this it is faid that (on a wager) he gave proof upon a large plain in Scotland, to 
the deftru£lion.of a great many head of Cattle, and flocks of flieep, whereof fome were diftant frdm 
other half a mile on all fides, and fome a whole mile. To continue the thread of my ftory, as I have it, 
I muft not forget, that when he was moft eameftly defired by an old acquaintance, and profefTed friend 
of his, even about the time of his contrading the difeafe whereof he died, that he would be pleafed, for 
the honour of his family, and his own everlafting memory to pofterity, to reveal unto him the manner 
of the contrivance of fo ingenious a myftery, fiibjoining thereto, for the better perfuading him, that it 
were a thoufand pities, that fo excellent an Invention fhould be buried with him in the grave, and that 
after his deceafe nothing fhould be known thereof: his anfwer was, that for the ruin and overthrow 
•f man, there were too many devices already ft^med, which if he could make to be fewer, he would 
with aU his might endeavour to do ; and that, therefore, feeing the malice and rancor rooted in the 
heart of mankind^ will not fufter them to diminifh the number of them, by any new concert of hit' 
liould never be increafed. Divinely fpoken truly. 

Urquhart's TrafUy Edinburgh, i774« 8^o« p. 57.> 
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When Napier had communicated to Mr Hemy Briggs, Mathemati- 
cal Profeflbr in Grefham College, his wonderful Canon for the Loga- 
rithms, that learned Profeflbr fet himfelf to apply the rules in his /;»/- 
tatio Nepeirea^ which I have already mentioned, and in a letter to 
ArchbijQiop Uflier, in the year 1615, he writes thus, " Napier, Lord of 
" Merchifton, hath fet my head and hands at work with his new and 
** admireable Logarithms. I hope to fee him this funamer if it pleafe 
" God, for I never faw a book which pleafed me better, and made me 
** more wonder*'*. 

It may feem extraordinary to quote Lilly the aftrologer with reipedl 
to fo great a man as Napier; yet as the paflage I propofe to tranfcribe 
from Lilly's life, gives a pidlurefque view of the meeting betwixt Briggs 
and the Inventor of the Logarithms, at Merchifton near Edinburgh, 
I fhall fet it down in the original words of that mountebank knave f . 

** I will acquaint you with one memorable ftory, related unto me 
by John Marr, an excellent mathematician and geometrician, whom I 
conceive you remember. He was fervant to king James the firft and 
Charles the firft. When Merchifton firft publifhed his Logarithms, 
Mr Briggs then reader of the Aftronomy Ledhires at Grefliam College 
in London, was fo furprifed with admiration of them, that he could 
have no quietnefs in himfelf, until he had feen that noble perfon whole 
only invention they were : He acquaints John Marr therewith, who went 
into Scotland before Mr Briggs, purpofely to be there when thefe two 
fo learned perfons fliould meet ; Mr Briggs appoints a certain day when 

to 

* Uiher's Letters, p. 36. t Lilly's Life, London, 1721. 8vo, 
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to meet at Edinburgh, but failing thereof, Merchifton was fearful he 
would not come. It happened one day as John Marr and the Lord 
Napier were fpeaking of Mr Briggs ; " Ah John, faith Merchifton, Mr 
Briggs will not now come'' : at the very inftant one knocks at the gate ; 
John Marr hafted down and it proved to be Mr Briggs to his great con- 
tentment. He brings Mr Briggs up into My Lord's chamber, where 
almoft one quarter of an hour was ijpent, each beholding other with ad- 
miration before one word was Ipoken : at laft Mr Briggs began. " My 
" Lord I have undertaken this long journey purpofely to fee your per- 
fon, and to know by what engine of wit or ingenuity you came firft 
to think of this moft excellent help unto Aftronomy, viz. the Loga- 
" rithms ; but My Lord, being by you found out, I wonder nobody 
** elfe found it out before, when now being known it appears fo eafy". 
He was nobly entertained by die Lord Napier, and every fummer after 
that during the Laird's being alive, this venerable man Mr Briggs went 
purpofely to Scotland to vifit him." ^ 

There is a paffage in the life of Tycho Bralie by Gaflendi*, which 
may miflead an inattentive reader to fuppofe that Napier's method had 
been explored by Herwart at Hoenburg, 'tis in GafFendi's obfervations 
on a letter from Tycho to Herwart, of the laft day of Auguft 1599. 
Dixit Hervartus nihil morari fe folvendi cujufquem trianguli difficultatem ; fo- 
Urefe enim multiplicationum^ ac divi/ionum vice additiones folum^ JubtraEliones 
93 ufurpare (quod utjieri pojfet^ docuit pojlmodum fuo Logaritbmorum Canone 
Neperus.) But Herw^art here alludes to his work afterwards publifhed 

E in 

• Tychonis Brahaei Vita.* Pariiius 4to, 1654. p. 191. 
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in the year 1 6 1 o, which fol ves triangles by Proftaphoereris ^ a mode to- 
tally different from that of the Logarithms* 

Kepler dedicated his Ephemerides to Napier, which were publifhed 
in the year 1617^; and it appears from many paffages in his letter about 
this time, that he held Napier to be the greateft man of his age, in the 
particular department to which he applied his abiHties : and indeed if 
we confider, that Napier's difcovery was not, like thofe of Kepler or of 
Newton, connected with any analogies or coincidences, which might 
have led him to it, but the fruit of unaflifted reafon and fcience, we 
fhall be vindicated in placing him in one of the higheft niches in the 
Temple of Fame. 

Kepler had made many tmliiccefsful attempts to difcovcr his canon 
for the periodic motions of the planets and hit upon it at laft, as he 
himfelf candidly owns, on the 15th of May, 161 8 ; and Newton ap- 
plied the palpable tendency of heavy bodies to the earth to the fyftem 
of the univerfe in general ; but Napier fought out his admirable rules, 
by a flow fcientific progrels, arifing from the gradual revolution of 
truth. 



The laft literary exertion of this eminent perfon, was the publication 
of his Rabdology and Promptuary, in the year 1 6 1 7, which he dedi- 
cated to the Chancellor Seton, and foon after died at Merchifton, on the 
3d of April, O. S* of the fame year, in the 68th year of his age, and, 
as I fuppofe, in the 23d of his happy invention. 

In 

* Kcplcr'8 Ephemcridee noyae motoum casleftium ab anno 1617* 
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In his pcrfon, the portraits * I have feen reprefent him of a gravd 
and fweet countenance, not unlike his eminent contemporary Mon- 

fieur de Peirefc. 

• V • - * • 

In his family he feems to have been uncommonly fortunate, for his 
eldeft fon became learned and eminent even in his father's lifetime, his 
third a pupil of his own iA Mathematics, to whom he left the care of 
publifhing his Pofthumous works ; and lofing none of his children by 
death, he loft all his daughters by honourable or rcfpedlable marriages. 

He was twice married. By his firft wife, Margaret, the daughter of 
Sir James Stirling of Kier, defcended of one of the oldeft and moft re- 
fpedlable gentlemen's families in Scotland, he had an only child, Ar* 
chibald, his fucceflbr in his eftates, of whom I {hall hereafter give fome 
account. By his fecond marriage with Agnes, the daughter of Sir James 
Chifholm, of Crombie, he had five fons : John, Laird of Eafter Tonie ; 
Robert f, who publiflied his father's works, whom I have already men- 
tioned, the anceftor of the Napiers of Kilkroigh in Stirling fhire ; 
Alexander Napier of Gillets, Efq ; William Napier of Ardmore ; and 
Adam, of whom the Napiers of Blackftone and Craigannet in Stirling 
Ihire are defcended. His daughters were, Margaret, the wife of Sir 
James Stuart of Roflayth ; Jane, married to James Hamilton, Laird of 
Kilbrachmont in Fife ; Ehzabeth, to William Cuninghame of Craig- 
ends ; Agnes, to George Drummond of Baloch ; and Helen, to The 

Reverend 

* In the Univcrfjty Library at Edinburgh, another in the poffeffion of the Lord Napier, and an- 
2ro print, engraved by Delaram, where he is reprefented calculating with his bones* 
t Robert wrote a Chemical Treatife, ftiU prefcrved in the family of Napier. 
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Reverend Mr Mathew Bufbane, Re<5lor of the Parifh of Erfkinc in 
Renfrew fliire. 

He was interred in the Cathedral Church of St Giles, at Edinburgh, 
on the eaft fide of its northern entrance, where there is now a Stone 
Tablet, indicating, by a Latin Infcription, that the burial place of the 
Napiers, is in that place ; but no Tomb has ever been ere<5led to the 
memory of fo celebrated a* man, nor can it be required to prefervc 
his memory, fince the aftronomer, geographer, navigator and political 
arithmetician, muft feel themfelves every day indebted to his inven- 
tions, and thus a monument is eredled to the illuftrious Napier, which 
cannot be obliterated by time, or depretiated by the ingenuity of others 
in the fame department 

I proceed now to evince more fully the merit of Napier, by giving 
an account of the ftate in which he foimd Arithmetic, and of the be- 
nefit it received from his difcoveries. 



SECTION 
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SECTION L 



CONCERNING ARITHMETIC. 
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Jim cum Staiuoj et bnagines^ non onimQrumJfmuIacra/ed corporum^Jludiq/e muki/ymmi bonunes r^iquertmt ; 
cortfiliorum relinqueref ac virtutum noftrarum effigiem morme multo malU debemujf fummU ingemu exprejfam 
ttpolitam? 

CiCB&ONis Oaatio pro AaCHiA PoiTA. Cap. xiu 
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Arithmetic is fo peceflary to min, that it muft have made its 
appearance on the firft and rudeft ftage of fociety. 

Signs to exprefs numbers, were probably in ufe, as foon as figns to 
cxprefs other ideas. 

The figns the moft obvious, and we may venture to fay the firft in 
ufe, were the fingers. The number of thefe accounts for the general 
adoption of numeration by tens. The firft ten numbers have the ap* 
pellation of digits or fingers, in moft of the languages* 

The next improvement of Arithmetic, feems to have been the ufe of 
fbaall pebbles, or of knotted ftrings. The words hi0xgm and calculus 

F fignify 
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fignify both a pebble and an arithmetical operation. The Ruffians, tx>^ 
this day, perform their calculations by means of ftringed beads, with 
great exadnefs and expedition. The Greeks and Romans reprefented 
numbers by the letters of the Alphabet yarioufly combined. By means 
of their notation, the operations of additioa and iubtradlion of integers 
at leaft, were eafily enough performed. But multiplication, divifion,. 
and the extradlion of roots, were difficult and tedious operations. They 
muft have effedled them, in a great meafure, by dint of thought. 
Boethius, who flourifhed towards the end of* the fourth century, fays 
indeed, that fbmc of the P^p^thagoreans had invented, and ufed in their 
calculations, nine apices or charadlers, refembHng thofe we now em*- 
ploy ; by which thefe latter operations muft have been much fimplified. 
Thefe figures, were known only to a few myfterious men, and it is by 
no means probable that they were the inventors of them. It is probable 
that Pythagoras, or fome of his difciples, borrowed them, as they did 
many other inventions, from the Indians. The merit of the Greek 
Philofophers, of which Euclid claims a diftinguilhed fhare, confifted in 
raifing Arithmetic, from being a fimple art, to the rank of the fciences. 

Gerbert of Aquitaine, in France, afterwards Pope Sylvefter the fe- 
cond, having imbibed the elements of the iciences, found that the chrl- 
flian world, at that time involved in darknefs, could not furnifh him 
with fufficient helps for making any great progrefs in them. This in- 
duced him to fly from the Convent of Fleury, where he had lived from 
his infancy, to Spaia ; where, under the tuition of the Moors, he be- 
came fo intimately acquainted with the mathematics, that he is faid to 
have foon furpafled his mafters.. Upon his return to his native coim- 

«7^ 
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tiy, about the yeir 960, or 970, he introduced the ten charadlers, 
which form the bafis of our modem Arithmetic. Thefe had been fa- 
miliar to the Arabs^ time out of mind, and the invention of them is^ 
by their writers, afcribed to the Indians *. 

About five hundred years afterwards, our Arithmetic received a 
moft important improvement, by the invention of decimal fradlions. 

As the invention of thefe fradlions, and of the Logarithms, with other 
arithmetical improvements, was occafioned by the eflPorts of ingenious 
men, to perfeA Trigonometry, it will be proper to give fome account 
of the rife and progrefs of this mod ufeful branch of the mathematics* 

Trigonometry, confidered as a fimple art, muft have begun with 
the divifion of lands in every country; but confidered as a fcience. Or 
as the application of Arithmetic to Geometry, it feems to have had 
its rife among the hands of the great Hipparchus, about one hundred 
and forty years before the chriftian sera* Hipparchus was the firfl who 
made ufe of the longitudes and latitudes, for determining the pofition 
of places, on the furface of the earth. Theon cites a treatife of his, in 
twelve books, on the chords of circular arcs, which muft have been a 
treatife on Trigonometry, and is the firft of which hiftory gives any ac- 
count. Menelaus, about the end of the firft century, wrote a treatife, 
in fix books, on the chords ; and there are extant of his three books on 
Spherical Trigonometry, where that fubjeifl is treated in a manner ve- 
ry profound and extenfive.. 

The 

^ Wallisi Montuda, C!fr«. 
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The diflSculties to be encountered in the folution of triangles, 
18 the objedl of Trigonometry, regard the tables of the parts of the 
circle, the form of the problems to be tifed, and the application of 
thefe problems to pra<Slice. 

The Ancients, before Ptolemy's time, do not ieem to have agreed 
upon a particular divifion of the radius of the circle *. That indefatig- 
able Aftronomer, who flourifhed about the year .200; having fimplified 
the theory of Menelaiis, divided the radius into lixty equal parts, and 
computed on this fotmdation, the length of all the chords in the femi- 
circle, correfponding to every thirty minutes. This fexagenary divi- 
fion, which continued in ufe for many centuries, obliged geometers to 
make ufe of numbers compofed of integers and fradlions, which occa- 
fioned much labour and much lofs of time. The table of chords led 
them to problems ^ery complicated and of difficult execution. Every 
oblique triangle was to be divided into two reAangular ones ; and in 
order to cotne at a folution, it was neceflaiy to raife to the fquare, and 
to extraft the fquare root of many fractional numbers. 

The Arabs, Ibmetime in the eleventh century, greatly fimplified the 

theory of Trigonometry, by fubftituting, for the chords of the double 

arcs, the halves of thefe chords. Thefe lines have been called finus, 

probably from S, Ins, an abbreviation of the Latin vrord^Jemi^rs in/crip^ 

farum'f. This improvement paved the way to more fimple theorems, 

of which we (hall have occafion afterwards to fpeak. 

About 

* Hanfchli Prcf. in Kcpl. Epift. f Montucla Hiftoire Mathcmatique. 
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About the middle of the fifteenth century, George, fumamed Peur- 
bach, from a village on the confines of Auftria and Bavaria, where he 
was bom, either adopted the finus from the Arabs, or invented them 
himfelf. He alfo banifhed from Trigonoinetry the \ife of the fexage- 
nary calculus, by fuppofing the radius to confift of 600 000 equal parts, 
and computing on this foundation the length of the fines correfpon- 
ding to every ten minutes of the Quadrant. 

John Muller (commonly known by the name of Regiomontanus 
from the place of his birth, Konigfberg a town in Franconia) the dif- 
ciple of Peurbach, improved his matter's idea by making the radius 
equal to unity or i,ooooooo. On this new plan he calculated, with 
great labour and accuracy, a table of the fines for all the minutes of the 
Quadrant, He alio was the firft who introduced the ufe of the tangents 
in Trigonometry ; of which Erafmus Reinoldus of Salfeldt firft con- 
ftrufted a table* To thefe tables Rheticus * afterwards added that of 
the fecants. Which had been invented by F, Maurolyeus of Meflina. 

By means of thefe new tables the art of Trigonometry was not only 
rendered more accurate than formerly, but one multiplication or divi- 
fion was fuperfeded in every geometrical proportion where the radius 
made one of the terms. The multiplication or divifion, however, of 
fuch large numbers required much expence of time, labour and atten- 
tion, 

G Raymarus 

• George Joachim, fo called from his native country. Thefe apptUatites, fo much ufcd after the 
reviTal of ktters, make it often difltcuh to difcover the real name* of learned men. 



26 LIFE, WRITINGS, and 

Raymards Urfus, towards the end of the fixceenth century, having 
cither learned from his preceptor Juftus Byrgius, or difcovered fome 
new properties of the fines, ihewed, in his Fundamcntum AJironomlcum 
p\iblifhed in the year 1588, how thefe might be employed to great ad- 
vantage in the iblution of fome trigonometrical qneftions. By his me- 
thod, which he calls Prqflbapb^^rtfis^ from Tgo(r06<ri(r additio and a^igttn^ 
ablatio^ the fourth term of a geometrical propofition, having for its firft 
term the radius equal to unity, may be found by ad^lition and fub- 
tra(Slion only; inftead, for example, of multiplying the fine a by the 
fine of ^ in the geometrical proportion i : fin. a : : fin« b : fin. r, the fine 
of c may be had, with much lefs trouble, by fubtradting half the cofine 
of the fum of a and b from half the cc^ne of their diflference ; becaufe^ 
as is eafily dcmonftrated, fin. ax fin. A=:i cofin (^J— ^) — i cofin {a^b). 

It was only to a few cafes, however, that the profthaphaerefis of 
Raymar could be applied, and the improvements made upon it, by 
Clavius * Magini f and others, required fo many precautions that they 
were not of very great fervice. $ But inconfiderable as thefe abbrevi- 
ations of calculus were, they were generally ufed by the moft eminent 
mathematicians and afbonomers at the- end of the fixteenth and begin- 
ning of the feventeenth century §• 

Such 

• Claviut dc Aftrolabio, book i. lemma 53. 

f Magini primum mobili^ lib. i. theor. 3 3. and lib. ii. cap. 2. 

i Quod vcro ProfthapluBrcfejn tabulus attinet, fcito mc totum himc annum qu^ parte et a moibia 
et a curis fui Tacuus in uniut martis profthaphaBrcfibua cxcentri ▼erfari, ncc pudct dicere mc fcopum 
tondum attigefie. Kepler Epift. p. 171* 

f Profihapbaeretical tablet were publifhed by J« G« Herwart, in 1 6 10. 
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Such was the ftate of arithmetical computation, at the time of the in- 
vention of the Logarithms, which, as Napier himfelf fays, Omnem illam 
pri/iina matbefeos difficultatem penitas e medio toUit; et ad fuhlcvandam memtH 
ria imbectllitcaem itafe accomodate ut illius adminiculo facile Jit ^plures qiutfti^ 
ones mathematicas unius borajpatio^ quam prifiinia et communiter recepta forma 
Jinuum^ tangentium ct fecantium^ vel integro die abfolvere *. But before we 
proceed to this mod important difcovery, we fhall give an account of 
thofe ingenious contrivances, intended to anfwer the fame purpofe, 
which previoufly occurred to Napier. 



SECTION IL 



.Napier's bones. 



1 HE firft of thefe mechanical devices is what our author calls Rabdo- 
logia, or die art of computing by figured rods, Thefe rods are fquare 
parallelepipeds three inches in length, and three tenths in breadth. 
Each of the faces of thefe parallelepipeds is divided into ten equal parts, 
of which nine are fquares and in the middle, and half of the tenth at 
one extremity or. the top, and half at the other extremity or the bot- 
tom. Every one of thefe fquares is cut by a diagonal from left to 
right upwards. At the top of each face is fome one of the ten di- 
gits o, I, 2, 3, e^fr. " 

In 

* Log. Canon, ddcriptio. in dcdic.^ 
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In the fir ft fquare below that digit is repeated, in the fecond is its 
double, in the third it's triple, and fo on* Of thefe multiples of the 
digit, the figure of units is below, and the figure of tens above the 
diagonal. The meaning of what has been juft faid will be evident by 
a little attention to Fig. I. where the four faces of each rod of the 
ifet, recommended by Napier, are unfolded. By means of thefe rods the 
operations of multiplication and divifion are performed by addition 
and fubtradlion. 



The rule for midtiplication is— Bring the rods to form the multipli- 
cand at the top of their upper face. Join a rod, having unity at the 
top of its upper face, to the right or left hand fide ; in which feek the 
right hand figure of the multiplicator, and write out the numbers cor- 
refponding thereto in the fquare of the other faces, by adding the le- 
veral numbers occurring in the fame rhomboid. Seek the fecond figure 
of the multiplicator and proceed in the fame manner : arrange and add 
the numbers wrote out, as in common multiplication ; the fum is the 
produA required. To multiply 1 785 by 364, for example, I difpofe the 
proper rods as in Fig. II. ; next to 4 (the firft right hand figure of the 
multiplicator) I find o; in the contiguous rhomboid 2 and 2, which ad- 
ded together make 4; in the next 3 and 8 which make i and a furplus 
of ten ; and in the laft 2 and 4 which, together with unity for the ten I 
had in the former rhomboid, make 7. Thefe numbers o, 4, i, 7, 1 fet 
down one after the other as. I find them, proceeding from right to left. 
I go on in the fame mannef with 6 and 3 (the other figures of the mul- 
tiplicator) ; and, after arranging and adding the partial products I find 
the total produd required. Thus, 

364 
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364 



7140 
10710 

S3SS 

649740 

T^be rule for divifion. Bring the rods to form the divifor at the top 
of their upper face. Join a rod having unity at the top of its upper 
face, to the right or left: hand fide. Defcend under the divifor till you 
meet thofe figures of the dividend 'wherein it is firft required how oft- 
en the divifor is found, or the next Icfs number, which lubtradl from 
the firft figures of the dividend, and put for the firft figure of the quo- 
tient the correfponding number on the fide face. Bring down, one af- 
ter the other, the remaining figures of your dividend as in common di- 
vifion, and proceed in the fame manner till you have finiftied the ope- 
ration. Let it, for example, be required to divide 649740 by 364. I dif^ 
pofe the rods as in Fig. III. The next lefs number under the divifor 
364 to 649 (the firft figures of the dividend) I find tp be 364 itfelf 
which I fubtradl from 649 putting i, the number correfponding on 
the fide face, for the firft figure of my quotient : to my remainder 285 
I bring down 7 the next figure of my dividend. The next lefs num- 
ber to 2857 ^^der the divifor I find to be 2548, which I fubtra<5l from 
2857, Pitting 7, the number correfponding in the fide face, for the le- 
cond figure of the quotient. I go on in the fame manner till I have 
brought down the other figures of the dividend and completed my 
quotient as follows, 

H 649740 



30 LIFE, WRITINGS, and. 

649740(1785 
364 

2857 
2548 



3094 
2912 



1820 
1820 

(o) 

Although the extradtion of the fqnare and cube roots may be pret- 
ty expeditioufly performed by the rods, Napier propofes an auxiliary 
lamella for the abridgement of it. It woidd ferve little purpofe to give 
a particular defcription of the lamella, or an account of the manner of 
ufing it. Its length and thicknefs are the fame with thofe of the rods,^ 
and its breadth quadruple. Its two faces are divided and marked as in 
Fig. IV. To find out the way of operating by it will be no difficulty 
to any body who is a little acquainted with arithmetic and has time 
to fpare. 



Another of Napier s contrivances is his ntultiplicationis promptu^ 
arium. 



This machine confifls of a box of figured lamellae. The lamellae, two 

r 

hundred in number, are each eleven inches in length and one inch in 

« 

breadth. Each of thefe lamellae is divided into eleven equal parts of 
which ten in the middle are fquares, and two thirds of the eleventh at 

one 
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one extremity, and one third at the other. Every one of thefe fquares 
is divided into nine lefs fqnares, one hiindred of the lamella: are each 
one fourth of an inch in thicknefs, and the other hundred oijie eighths 
Siippole the former, which we fhall call diredl lamellae, placed fo that the 
greater margin may appear at top and the lefs at bottom ; and the latter 
which we fhall call tranfverfe, placed laterally, with the greater margin 
to the right and the lefs to the left hand. In this pofition every fquare 
appears cut by a diagonal (faint in the finall but ftrong in the great 
ones) from the left to right upwards. Each of every ten both of the 
dire(5t and of the tranfverfe lamellas has fome one of the ten digits 
o, I, 2, 3, &fr. infcribied on its greater margin. The multiples of the 
digit on the margin of a dire(5t lamella are difpofed in each of its 
greater fquares as pointed out by Fig. V. where a reprefents the digit 
itlelf, b the right hand figure, and b' the left hand figxire of its double ; 
c and c' the right and left hand figures of its triple (the plain letters 
being above and the accented ones below the diagonal of the figure) ; d 
and ^' thofe of its quadruple, and fo on. In the tranfverfe lamellae 
thofe which have o on the margin are untouched ; thofe which have 
unity on the margin have the loculus correfponding to a cut out ; thofe 
which have two on the margin have the locuh of 6 and 6* cut out ; 
thofe which have 3 the loculi of c and c' ; thofe which have 4 the lo- 
culi of d and d\ £5V. TTiis will be fufliciently evident by infpedling 
Fig. VI. where it is examplified in a dire(5l lamella titled with the digit 
4, and in a tranfverfe one with 7. The box fitted to receive thefe la- 
mellae is of a cubical form ; fomething more than eleven inches wide 
and nearly eight inches high ; fee Fig. VII. Two of its contiguous 

fides, which we fhall difUnguifh by the names of left and right, are 

divided 
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divided into twenty parts, each equal in length to the breadth of ten 
lamellae, and in height to the thicknefs of a direcfl and of a tranfverfc 
lamella alternately. The greater divifions on the left fide are cut out, 
and the lefs on the right fide. Into the box through each of the for- 
mer, .with their titled ends foremoft, ten dire(fl lamellae of the fame 
title are inferted with their untitled ends foremoft, and an equal num- 
ber of the tranfverfe ones of the fame title, through each of the latter. 
Thofe titled o are in the uppermoft divifions, and thofe titled i, 2, 3, 
Ssfr, in the refpe(flive divifions below. 

Multiplication by the promptuary is performed as follows. The firft, or 
right hand, fecond, third, &c. figure of the multiplicand is exhibited 
by the title of a ^lamella taken from the firft, or right hand, fecond, 
third, &c. column of the left fide of the box and placed on its lid 
exadlly above and as it lay in that column. The empty fpace, if any, 
towards the left Is to be covered with blank lamellae. The firft, or 
right hand, fecond, third, &c. figure of the multipUcator is exhibited 
by the title of a lamella taken from the firft, or left hand, fecond, 
third, &c. column of the right fide of the box and placed on the for- 
mer lamella exaiftty above, and as it lay in that column. The remain- 
ing fpaces, if any, towards the right are to be covered with blank la- 
mellae. All the ufeful multiples on the dired lamellae appear through 
tht fenefdla^ and all the ufelefs multiples are hid. All the numbers be- 
ginning at the comer next the firft or right hand figures of the multi- 
pUcand and multiplicator, lying between the imited ftrong diagonals, are 
to be added fe verally ; the right hand figures of the fums, marked down j 
and I for every i o, carried to the next place, till we come to the oppo- 

fite 



INVENTIONS OF NAPIER. ^3 

fite comer : and the work is done. This operation, we truft, is defcri- 
bed with fnfGcient accuracy and plainnefs to fuperfede the neceffity of 
an example. In order that divifion may be performed by the Promptu- 
ary, it mnft firft be converted into multiplication by means of tables 
drefled on purpofe, or of tables of the fines, tangents and fecants, con- 
ftrudled on the hypothefis of the radius being equal to unity, followed 
by a certain number of Zeros. That this may be accomplifhed by 
thefe laft, look for the co-fecant, or co-tangent of the arc which has 
the divifor for its fine or tangent. Make the co-fecant or co-tangent 
found the multiplicand, and the dividend the multiplicator ; or con- 
verfely. Find the produ(5l by the promptuary as above diredled. This 
produ(5l, a number of the right hand figures according to the number 
of zeros in the fquare of the radius being marked oflF as decimals, is 
the quotient required. The reafon of this is obvious : the co-f^ants or 
co-tangents being third proportionals to the fines or tangents and the 
radius or unity ; to multiply'any number by one of the two firft, or to 
divide it by the correlponding one of the two fecond of thefe lines, ii 
one and the fame thing. / 



LOCAL 



1 
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LOCAL ARITHMETIC. 

LOCAL Arithmetic, aaother ingenious invention of Napier, is 
the art of calculating by means of counters properly placed on a chefs 
board, or fimilar table. Two contiguous margins (which we fhall di- 

« 

ftinguifli by the hames of left or inferior, and right or lateral) of that 
table, are divided into a numbejr of parts equal to diat of their adjoin- 
ing fqnares. The inferior divifions beginning at the right and the la- 
teral at the left have fucceflively infcribed in them the fucceflive terms 
of the geometrical progreflion i, 2, 4, 8, 16,, 32, ^u which are called 
local nmnbers. 



Common numbers are reduced to local by fiibtradlion, and local 
numbers to common by addition. The common nmnber 1875, for ex- 
ample, exprefled in local numbers will be found to be 1024 ; 512 ; 256 ; 
64; 16 ; 2 and i : and vic^ verfa. The firft of thefe redudlions is ne- 
ceflary before, and the fecond after any of the operations of common 
arithmetic are performed by this contrivance. By the help of a very 
fimple table, redudlion may be performed with eafe and expedition,. 

To Add. Put a counter for each local number in the proper place 
on the lateral or on the inferior margin of your table. For every two 
counters found in the fame place, put one in the next higher, after re- 
moving tbcm. Repeat this till no place fliall contain more than one 
counter. The counters left indicate the numbers required. Thus let 
it be requited to find the fum 1875 j 258, and 1099. I put the coun- 
ters 
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ters at 1024; 512; 256; 64; 16; 2 and i, the local numbers of the 
firft ; at 256, and 2, thofe of the fecond ; and at 1024 ; 64, 8, 2, and i, 
thofe of the third. At i. — ^I find two counters which I remove, and 
put a counter at 2 where I find other three. I take up thefe four and 
put two, in the next place 4 &c. and proceeding in this manner I find 
at laft a counter at each of the following numbers 2048 ; 1024 ; 128^ 
and 32, which form 3232 the fum fought* 

To SubtraB. Put a counter for each local number of the greater of 
the two quantities, at its proper place, a little to one fide,;.on the infe- 
rior margin ; and one for each of the local numbers of the lefs of the 
two quantities, at its proper place, a little to the other fide, on the fame 
margin. Remove the counters foimd on oppofite fides of the fame place. 
Change the fide of the loweft counter remaining ; take oflf that above 
it ; and put a counter in each place between them. Remove as before. 
Repeat this till there fliall be no counters on one of the fides of the mar- 
gin ; and thofe on the other will indicate the remainder. Let it be pro- 
pofed, for example, to fubtradl 1099 from 1875. I put counters at 
1024; 64; 8 ; 2 and i, to the left of the lateral margin, and at 1024; 
512; 256; 64 J 16; 2 and I, to the flit of that margin. Finding a 
counter on each fide of the numbers 1024; 64; 2, and i, I remove 
them. My loweft counter is to the left of 8. I put it to the right and 
take up r6. above it ; as there are no intermediate places, and as the re^ 
maining counters are on the fame fide of the margin my operation is fif- 
niflied.. The remainder is 512 j 256, and 8j or 776. 

MULTIPLrCATION,. 



^6 LIFE, WRITINGS, and 

Multiplication, Divifion,' and tlie extradlion of die fquare root, 
may alfo be performed on the margin : but they are performed with 
much greater eafe and clearnefs on two contiguous margins and the 
fquares of the table. On thefe lafl the counters have two different 
movements ; the one parallel to^the fides like that of the tour, and the 
other, diagonal like that of the^iRfhop, on the chefs board. Every 
fquare of the table is faid to have for its value one of the equal num- 
bers (on the two margins) between which it lies diagonally. The two 
fides of a fquare formed by counters in the area of the table, parallel 
to the inferior and lateral margins, we fliall call a Gnomon : this gno- 
mon confiding of 3, 5, 7, &c. counters is faid to be congruous when 
its value can be fubtra(5led from the numbers left marked upon the 
margin. 

To Multiply. Mark with counters the local multiplicator in the 
inferior and the local multiplicator in the lateral margin. From the 
middle of the marked places let points be fuppofed to move perpendi- 
cularly into the table, and put a counter at each interfedlion. Remove 
the coimters on tlie margins. Bring the counters in the fquares of the 
tables to their values in one of the margins ; add, if nejceffary, and the 
work is done. Suppofe, l^r example, 19 is to be multiplied by 13. I 
mark with counters Fig. VIII. the numbers i, 2, and 16, on the infe- 
rior and the numbers i, 4, and 8, on the lateral margin, having pla- 
ced other counters redlangularly in the table, I remove the marginal . 
ones. Thofe other counters I brir\g up, one by one, to their proper pla- 
ces in the lateral margin ; and, after adding, I find a coimter at each 

of' 
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of the following^ numbers, 128 ; 64 ; 32 ; i6 ; 4 ; 2, and i, which form 
my produdl, 247. 

To Divide. Mark with counters the local dividend in the lateral^ 
and the local divifor in the inferior margin, beginning at the fquarc 
where a point, defcending diagonally from the angle abore the higheft 
number of the dividend, would interfedl a point afcending perpendi- 
cularly from the higheft number of the divifor ; place a feries of coun- 
ters parallel to the divifor : If this feries is equal or inferior in value 
to the higher number of the dividend fubtra(5t it from them ; and if 
otherwifc, bring it down one, two, &c. fteps and fubtradl. Repeat 
the operation till either nothing, or at leaft a numberlefs than the divi- 
for, fhall remain on the lateral margin. Thefe feriefes point to the 
numbers that form the quotient. For example let it be required to di- 
vide 250 by 13. I mark. Fig. IX. the numbers 128 ; 64; 32 ; 16 j 85 
and 2, in the lateral, and 8 ; 4, and i in the inferior margin* 

My firft feries points to i6. I fubtra<^ it from the dividend and find 
remaining 32 ; 8, and 2. 



My next feries pointing to 4 is too great to be fubtradled, for which 
reafon I bring it a ftep farther down. 

After fubtraiSing, there remains 16. In the fame manner my third 
feries pointing to 2 I muft bring to point to i ; which fubtra<5lcd, there 

remains counters on the dividend at 2 and i. My quotient is there- 

* 

lore j6 ; 2, and i, or 19 ; and 2 and i, or 3 over* 
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jTo eritraSi the fquare root. Mark the number locally in the lateral 
margin. From the angle formed by the meeting of tlxe inferior line^ 
with the lateral, let a point afcend diagonally till it arrive in a fquare 
of the fame value with the higheft number that can be fubtradled from 
the number whofe fquare root is fought. In this fquare place a 
counter, and fubtrad its value from the number marked in the margin^ 
Form the congruous gnomons, which from the forefaid fquare have each 
their upper counter in a line perpendicular and their left hand inferior 
one in a line parallel to the lateral margin : and fubtradl their value one 
by one from the marked remainders. The counters, lying perpendi"- 
cularly to either of the margins, point out the fquare root. Let it be 
propofed, for example, to find the fquare root of 2209; I mark the num-» 
bers 2048; 128, 32, and i on the lateral margin. Fig. X. Subtrading the 
value 1024 ^^ ^^ fi^'^ counter placed in the table as diredled, the re- 
mainders are 1024, 128, 32 and i. From thefe taking the value 51^ 
and 64 of the firft congruous gnomon, there remain 512, 64, 32 and i* 
From thefe taking the value of the fecond congruous gnomon 256, 

64 and 1 6, there remain 64, 1 6, 8, 4 and i : and from thefe taking the 

« 

value of the fourth congruous gnomon, 64, 16, 8, 4 and i, there re-* 
mains nothing. The fquare root, as indicated by the direction of the 
counters in the table, is 32, 8, 4, 2 and i, or 47. 

What is above faid will, it is hoped, be fufficient to give a clear idea: 
of the form and ufe of thofe of Napier's arithmetical inftruments, which 
leemcd to him worthy of being communicated to the public. The rea-^ 
ions on which the different operations are founded, depending upoa 
the conftruAion of the machines and the obvious properties of num-* 

bers,. 
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bera> muft occur to every reader endowed with a moderate fhare o£ 
attention. The hint of the rods, or virgula numeratrices and of the 
promptnary which is only an improvement of the rods, feems to havd 
been taken from the Abacus Pytbagoricus or common multiplication tablc*^ 
Napier's acquaintance with chefs, the mofl ingenious of all games, and 

at which mathematicians are commonly the beft players, occafioned hi* 

« 

difcovery of the Aritbmetica localis. The Promptuary, at leaft for mixlti-^ 
plication, is greatly preferable to the rods and the chefs board ; for the 
partial produ6ls of two numbers, confifting of even ten Figures each^ 
may, by a little pradlice, be exhibited on that machine in the fpace of 
a minute, and no numbers require to be written out, excepting the 
tQtal produ(fL Had the logarithms remained undifcovered, the promp- 
tuary^ in all probability, would have become univerfally familiar to thofe 
who were engaged in tedious calculations. But to thofe who are ac- 
-^juainted with the logarithms, Napier's arithmetical machines and thofe 
afterwards invented, a few of which we fhall enumerate, although the 
monuments of genius, muft, in general, be regarded as mathematical 
curiofities of no ufe. 



Perhaps put into the hands of young people learning arithmetic,' 
they might make them fond of that ftudy. 

SuicKARTUsina letter to Kepler, written in the year 1623, informs 
him that he had lately conftrudled a machine confiifting of eleven en- 
tire and fix mutilated little wheels, by which he performed the four 
arithmetical operations *, Pafcal, in the year 1 642, at the age of nine- 

teen,, 

f Kep!. Epift. p. 683, 



49 LIFE, WRIlriNGS, and 

teen, invented a macliine with which all kinds of computations may 
be made without the pen, without counters, and without the know- 
ledge of any rule of arithmetic. I have not been able to meet with any 
defcription of it* It mufl however have been of a very complicated 
nature as its author was two years in bringing it to perfection, owing 
to the difficulty he foimd.to make the workmen tinderftand him tho- 
roughly *• The French writers agree in calling it admirable ; f but the 
name of Pafcal perhaps does it more honour than it deferves. This 
machine is preferved in the cabinet of the king of France and in thofe 
of a few others |* 

Thb Marquis of Worcefter, a map of genius but a plagiary, men- 
tions in his fcantlings of inventions, publifhed in the year 1 655, an in- 
ibrument whereby perfons ignorant in arithmetic may perfedlly obferve 
numerations and fubtradtions of all fums and fra^ions §• Whether he 
kere refers to fome of Napier's inftruments, to Gunter's fcale, of which 
I ihall afterwards ipeak, or to fome invention of his own is uncertain. 

About the year 1670, **Sir Samuel Moreland contrived two arith- 
metical inftruments ; one for addition and fubtradlion, and the other 
for multiplicaton, divifion, and the extra(5tion of the fquare, cube, and 
fquare cube roots, the defcription of which he publiihed at London, 

anno 1671 If* 

Much 

^ Lcs lK>mme8 lOufires par Tcmxit vie it PafcaL f Bayle Chauffcpie^ BalDcti Perraulti &€» 
i Prtf, Pcnfcet^dc PrfcaL § N^ 84. Glag. Edit. 1767. 

** Mortland's loftrument of excellent ufe as well at fea as at Iand> iiiTented and imouOy tsftn- 
mtatd in the year 16709 Lond. 1671. FoL 
It Sec alfo PhiL Tranfa£L N^ 94. p. 6048. 
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Much about the lame time, Mr George Brown, afterwards Minifter 
of Kilxhaures in Scotland, invented a machine which, in his account of 
it pubhfhed at Edinburgh in the year 1 700, he calls the Rotula Aritb^ 
mettca. This machine confifts of a box containing a circular plane move- 
able on a center pin and fixed ring, whofe circles are defcribed ixsyax 
the fame center. The outermoft circular band of the moveable, and 
the innermoft of the fixed, are each divided into a hundred equal parts, 
and thefe parts are numbered o, i, 2, 3, &c. Upon the ring there is 
a fmall circle having its circumference divided into ten equal parts, 
furnifhed with a needle which fhifts one part at every revolution of the 
moveable. By this fimple inftrument are performed the four arithme- 
tical operations not only of integers but even of decimals finite and 
infinite *% 



Some time before Mr Brown's little book appeared, Mr Glover had 
publifhed a Roue Arithmetique fimilar to the Rotula but not ^o perfect* 
It would appear hqwever that that gentleman had got fome hints of the 
conftrudlion of the Rotula from a brother of his own who had been one 
of Browns pupils in i674f. ^ 

I]^ the year 1725, an inftrument invented by M. de TEpine of a more 
fimple conftrudlion and eafier in its operations than PafcaFs ; in 1 730, 
another by Mr Boiflendeau, by which calculation is performed without 
writing; and in 1738 a third by Mr Rauflin, Confifting of rods diffe- 
rent from thofe of Napier, were approved of by the French academy %. 

L Sam 

• One of thefe machines is in the Library belonging to the faculty of advocates at Edlnburglu 
f Rot. Aiithm. Pref. % See the Paris memoirs for thefe years. Hiftoire. 
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Sam Reyer invented, at what time I have not been able to learn, s 
kind of fexagenal rods in imitation of Napier's, by which fexagenary 
Mithmetic is eafily performed * 

I have an arithmetical machine which came into my pofTeflion £rom 
my uncle George Lewis Erfldne who, though born deaf, by the afllC- 
tance of the learned Henry Baker of the Royal Society at London, ac- 
quired not only the ufe of fpeech and the learned languages but a deep 
acquaintance with ufeful literature. This machine confifts of a fmall 
fquare box furniflied with fix cylinders moveable round their axes* 
^Upon each of thefe cylinders, which are only Napier's rods, are engravea 
the ten digits, and their multiples. From a perpetual almanac on the 
out fide of the box, it would appear that this machine was eonftrudted 
in the year 1679. 



SECTIOR 



SECTION m, 

I 

hapibe's theory of the logarithms*: newton^s ideas 01 

fluxions, borrowed from napier. 

I Shall now proceed to unfold the Logarithms, the difcovery of which 
has juftly endtled Napier to the name of the greateft Matbematician of bis 
Country. Let two points, the one in N, and the other in L, (Fig. XL) 
having at firft a fimilar velocity, move along the indefinite ftraight lines 
C N D and K L A ; the firft increafing its velocity or diminifhing it 
according to its diftance from a fixed point C, and the fecond preferving 
its velocity without augmentation or diminution. Let the former, in a 
certain time, arrive at any point N' or n', and the latter in the fame 
time at the point U or V : the fpace L L' or L Y defcribed by the fecond 
moveable point is faid to be the Logarithm of the diftance CN' or Ca' 
of the firft from the fixed point CL 

I. The Logarithm of CN or unity is zero : for the firft moveable 
point not having left N, the fecond has had no time to defcribe any 

* The term Logarithm was firft ufed by Napkr after tbe puUkation of the Canon in whicli he 
v(ci the tena oinut/i^trus artijuialii^ 



y 
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2. The Logarithms of the terms of a geometrical feries are in 
arithmetical progreffion : for let N N', NTSI", N'TSI% &c. or N n', n V^ 
n'^n"', &c. be continual proportionals, they will be defcribed by the 
firft moveable in equal times, and the equal fpaces L L', \J\J' L'X% 
&c. or L r, IT W\ &c. will be defcribed by the fecond moveable in 
the fame times. Now it is eafily demonftrated that C N, C N', C N'', 
&c. or C n, C n' C n'', &c. are in geometrical progreffion, and it is evi- 
dent that their refpe<5live logarithms o, LL', LL'', &c. or o, L L', 
2 L L' &c. and o, L T, L T", &c. or o, L T, 2 L T, &c. are in arirh- 
metical progreffion. 

3. The logarithms of quantities lefs than CN are negative, if thofe 
of quantities greater than C N arc pofitive ; and converfely : for if C n" 
C n', C N C N', C N'' are continual proportionals, in order that their lo- 
garithms 2 L r, L r, o, L L', 2 L L', &c. may be in arithmetical pro- 
greffion it is neceffary that the terms on diflferent fides of zero ihould 
have oppofite figns. Hence, 

4. The logarithm of any quantity is the fame with that of its re- 
ciprocal, the fign excepted. 

5. The number of fyftems of logarithms is infinite: for the ratio 
of C N to C N' and L \J are indeterminate* 

6. The logarithms of anyone fyftem, are to the correfpondent onefc 
of any other, as the value of L L' in the firft fyftem, is to its value in 

the 
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the fecond. From the 2d propofition the four following, exprefled in 
the language of arithrnetic, are eafily deduced, ; 

7. The logarithm of a prod\;<5l is equal to the fui?i of the logarithms 
of its fadors. Thus the logarithm of CN' X CN'' is LL'+ LL''=LL''': 

for CN X CN''= CN'". * 



8. The logarithm of a quotient is equal to the difference of the lo- 
garithms of the di vifor and dividend. Thus the logarithm of ■ is^ 

LL'''-7LL'=LU': for ^^7-=CN^ 

« 

9. The logarithm of the power of a quantity is equal to the pro- 

dudt of the logarithm of that quantity by the index of its power. Thus 
the logarithm of CT^'^is 3LL'=LU"; for "CN '= CN"'. 



10. The logarithm of the root of a quantity is equal to the quoti- 
cnt of the logarithm of that quantity by the index of its root. Thiu 
the logarithm of ^cSF' is ^LL': for ^CN^'=CN'. 

From the 7th and 8th propofitions the two following are evident. 

11. The logarithm of an extreme or meaji term of a geometrical 
proportion, is equal to the difference of the fum of the logarithms of 
the means or extremes and the logarithm of the other extreme or mearu 

M 12, 
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1 2. If the logarithms of all the primary numbers are knovm, thoie 
of all the eompofite numbers may be found by fimple addition ; and if 
all the latter are known, all the former may be known by fimple fub- 
tradlion. 

From the 2nd or the 9th and loth propofitions. 

1 3. The logarithms may be thus defined, Numerorum proportionalium 
€pquidtfferentes comites ; or more properly (as their name, Xoym agifffMo'y im- 
ports) Numeri rationem exponentes ; becaufe they denote the rank, order, 
or diftance, with regard to unity, of every number in a feries of con- 
tinued proportionals of an indefinite number of terms. 

14. The logarithm LI' of any quantity Cn' is greater than the dif- 
ference Nn' between CN or unity and that quantity, and lefs than that 
difference, increafed in the proportion of CN to the faid quantity : for 
the velocity of the fecond moveable defcribing LI' being greater than 
that of the firft defcribing Nn' during the fame time, Lr is greater than 
Nn' or CN — > C; and the velocity with which NN' is defcribed, being 
greater than that with which Lr is defcribed, in an equal time, LI' is 
lefs than NN' or CN'— CN or [fince Cn': CN : : CN'], [CN — Cn'] X 

CN 



Cn' 



Hence, 



15. If a quantity Cn'^ differs infinitely little from CN or \mity, its 

logaritlmi LI' will be equal to L ,'' . J — L J the arith- 

aCn' 

metical^ 
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metical, or to [CN— Cn] x y /CN t he geometrical mean between its 
limits above ftatecL 

16. The difference IT' of the logarithms LV and LI" of any two 
quantities Cn' and Cn" is lefs than the difference n' n" of thefe quanti- 
ties increafed in the proportion of the leffer Cn" to CN or unity ; and 
greater than the faid difference increafed in the proportion of the great* 
er Cn' to CN or unity : for reafbning in the fame manner as in the 14th 
propofition 11" will be foxmd to be lefs than NN' or [fince Cn": CN : : 
n' n":NN'] CN x n' n". Hence, 

17. If the difference of two numbers Cn' and Cn" is infinitely fmall, 
the difference of their logarithms will be expreffed by the arithmetical 
(Cn'+Cn") X (Cn' — Cn") X CN or the geometrical mean Cii'— Cn" 



2 Cn' X Cn" 



v/Cn'X Cn" 
X CN between its limits above dated* Beautiful, ingenious and pro* 

* 

found ! Such is the manner in which Napier conceived the generation of 
nmnbers and their logarithms, and fuch are fome of their relative pro- 
perties which naturally flow from it. Thofe who are acquainted with 
Newton's manner of explaining the dodlrine of fluxions, mud be flruck 
at its refemblance to this of our Scotifli Geometer. 1 his refemblance, 
or rather identity, is confpicuous not only in their ideas but in their 
very words. The explanation of the firll definition in the Canonis mi^ 
rtfici defcripth is in the following terms : Sit pimclus A, a' quo duccndd 
fit linea fluxu altcrius pundll; qui fit B. Fluat ergo primo momento B ^^ A 

in 
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in C. Sectwdo momento d C in D. l^ertio momento a D in E atquc ita dc-^ 
inceps in infinitum defcribendo lineam ACDEF, &c. IntervaUis AC, CD, 
DE, EF et ceteris deinceps cequalibus^ et momentis cequalibus dffcriptisj Sec, 
I the appendix to the Canonis mirifici conjlrudtio^ under the article Habi^ 
tudines Logaritbmorum^ he thus exprefles the relation between two natu- 
ral numbers and the velocities of tlie increments or decrements of their 
logarithms ; Utjinus major ad minorem ; ita velocitas incrementi aut decrt^ 
menti apud majorcm. What difference is there betwixt this language aiul 



that of the great Newton now in ufe x : y : : Log. y : Log. x * ? 



The feeds of the invention of the logarithms were perceived by the 
ancients as well as by the moderns, upon the revival of fcience in Eu- 
rope, before the time of Napier. In die elements of Euclid, and in the 
Arenarius of Archimedes f , thefe great men feem to have been very well 

acquainted 

* See Huttonfs Conftru^on of Logaritlimsy p. 42 and 48. 

f [In the Arenarius of Archimedes] Without entering in this place, on the repulfion of the receir- 
cd opinion, that this great Mathematician had made the firft ftep towards the knowledge of the Lo» 
garithms, I fhall content myfelf with giving the refult of the enquiry, by one of the ableft Mathe- 
maticians in the country, to whom I addrcfTed myfelf, when 1 firft fet myfelf to produce this work, 
and who having fuccefsfully illoftrated the difcoveries of the Prince of finglifti Mathematicians, glad* 
\f came forward to contribute his fharc to the triumph of our Scotifh Newton. 

Archimedes demonftratcs a Theorem concerning numbers, made by the mutual multiplication of 

tlie terms of a geometrical progrefllon ^ by means of whicli Theorem the principles of Logaritli- 

tnic computation may calily be dcmonftrated. Archimedes, therefore, had he been fumifhed with ta- 

Ues of Logarithms, would have known how to ufe them : But it appears not, that he was poffeFed of 

any principles, wliich could lead him to the formation of Logarithms. He could avail liimfelf, indeed^ 

of the indices of the powers of numbers, to abridge the labour of multiplication, as we now ttail 

•vvfclTCt of Loganthmt for the like purpofe : But the gulph between thk luethod by the Isatut a I frt" 

d't€is 
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acquainted with the correfpondence of an arithmetical to a geometrical 
progreflion *. 

Michael Stifellius, a German Arithmetician, who flourifhed about 
the middle of the fixteenth century, in his Arithmettca Integra ftated the 

comparifon between the feries -J ' * '^ ' » 3 > I ^^ obfervine: 

that the produft or quotient of any two terms of the former correi^ 
ponded to the fum, or difference, of the equidiftant terms of the latter. 

N Whether 

dic€s^ «nd the method of Logarithms, is wider than it may at ilrft feem. Any Kumbery not itfelf 
arifing from a root, is the root of a diftiadl progreffion of Powers. Hence there are as many dillinft 
progreffions as there arc numbers not actually powers : And in all tliefe progreflions the homologouf 
powers have the fame exponents or indices. Thus 3 is the exponent of the number 8 in the feries 
of die powers pf 2. But 3 is equally' the exponent of 27 in the feries of the powers of 3 ; of 125 is 
the feries of the powers of 5 ; of 343 in the feries of the powers of 7 : and univerfally of all cubic num* 
bers ; fo 4 is the exponent of all biquadratic numbers ; 5 of all quadrato-cubic ; and fo on. A num- 
ber therefore is not fufliciently charaiflcrifcd by its exponent unlefs it be known to what ferica of pow- 
ers it belongs, that is from what root it arifcs. Add to this that many numbers fall into no natural 
feries of powers. This method therefore of computing by the natural indices of powers arifing from 
the natural numbers as roots, will only ferve the purpofe of rude calculations leading to fome very ge- 
neral conclufions, and muft fail in all in (lances in which accuracy is required. Archimedes never thought 
of confidering all numbers as expreflions of proportions, capable of being univerfally included in one 
general feries of ratios, which notion is the true bafis of Napier's great invention, as will be more ful- 
ly explained hereafter. For the invention in efTeft was this 5 that he. found a method to radfe a feries 
of proportionals, in which all numbers ftould be comprifed, in which every number of confequence 
had its own particular exponent, and to find the exponent of any given number, or the number of any 
given exponent in that univerfal feries.** 

In the courfe of this work, it will be Tufficienly prov^, that Napier was as m^ch ^e firft to con- 
ceive as to execute this wonderful proje6^. 

• Thofe who wi(h to recollect how much we arc indebted to the ancients, in this as well as In many 
othef departments of fciences, will read with pleasure Mr Dutea'f iBij^uiry into the origin of the dif- 
coveries attributed to the modems* 
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Whether Napier ever faw or heard of this remark of Stifellius is 
not known, nor indeed is it of any confequence ; for it cannot fail of 
prefenting itfelf to any perfon of rnoderate acutenefs who happens to 
be engaged in arithmetical queftions of this nature where the powers of 
numbers are concerned. It is not therefore this barren though funda- 
mental remark that can entitle him who firft mentioned it to the name 
of the inventor of the logarithms. The fuperior merit of Napier con- 
fifts in having imagined and afllgned a logarithm to any number what- 
ever, by fuppofing that logarithm to be one of the terms of an infinite 
arithmetical progreflion, and that number one of the terms of an infi- 
nite geometrical progreflion whofe confecutive terms differ infinitely 
little from each other. 

The invention of the logarithms has been attributed to Chriftianus 
Longomontanus, one of Tycho Brahe's difciples, and an eminent aftro- 
nomer and mathematician in Denmark. The hackneyed ftory which 
gave rife to this, is told by Anthony Wood in his uitbena Oxonienfes *, 
and is as follows ; " One Dodtor Craig, a Scotchman, coming out of 
^ Denmark into his own country, called upon John Neper baron of Mer- 
•* chifton near Edinburgh, and told him among other things of a new 
" invention in Denmark (by Longomontanus as 'tis faid) to fave the 
^ tedious multiplication and divifion in aftronomical calculations. Nc- 
^ per being foUicitous to know farther of him concerning this matter, 
^ he could give no other account of it than that it was by proportional 
^ numbers. Which hint Neper taking, he defired him at his return to 
^ call ^gain upon him. Craig after fome weeks had pajQed did ib, and 

^ Neper 
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•* Neper then {hewed him a rude draught of what he called Canon Mi^ 
^* rabilis Logarltbmorum : which draught with fome alterations he prin- 
** ting in 1614^ it came forthwith into the hands of our author Briggi 
" and into thofe of Will Oughtred, from whom the relation of this 
^ matter came.'* 



This (lory is either entirely a fidlion, or much mifreprefented. There 
is no mention of it in Oughtred's writings *. There are no traces o£ 
the logarithms in the works of Longomontanus f , who was a vain man 
and furvived Napier twenty nine years J, without ever claiming any 
right to the invention of tliofe numbers, which had for many years, 
been univerfally ufed over Europe. 

The following hypotliefis may perhaps obviate the flory of Antho- 
ny Wood. Might not Craig, whom reafon and Tycho Brahe could 
not diveft of the prejudices of the Ariftotclian philofophy which he had 
imbibed, on returning to Edinburgh from Denmark, vifit Napier and 
tell him among other literary news that Longomontanus had invented 
a method of avoiding the tedious operations of multiplication and divi- 
fion iu^the folution of triangles ? After getting the beft anfwers this 
do(5lor could give to Napier's queries relative to this method, I per- 
ceive, fays the baron of Merchiflon, that Longomontanus hath inven- 
ted, improved, or flolen from the Fundamentum AJlronomicumy the ProA' 
thapharrcfis of Raymar : but if you will take the trouble of calHng upon 

me 

• Oughtred's Clavis Math. Oxon 1677, &c. f Smith, Briggii vita, and Ward's lives. Art.- 

Briggs- 

\ Voffius (de Nat. Artium) cited by Ward, places the death of Longomontanus in the year 1647* 



■» -» ■ 
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me fbme time hence, I will fhew you a method of folving triangles hf 
proportional numbers quite diftindl from this we have been talking of; 
which method came into my head fome fliort time ago, and will re- 
quire many years intenfe thinking and labour to bring it to perfe<5lion. 
Accordingly a few weeks afterwards, when Craig returned to Merchi- 
fton, Napier fhewed him the firfl rude draught of the Ca;:on Mlrifictu. 
Craig, having occafion to write very foon after to Tycho Brahe, men- 
tioned to him this work without faying any thing about its author *♦ 

Justus Byrgius alfo, inflrument maker atnd aftronomer to the Land- 
grave of HefTc, a man of real and extraordinary merit, is faid by Kep- 
ler, in his T*ahula Rudolpha^ to have made a difcovery of the Loga- 
rithms, previous to the publication of the Canon Miri/icus. The paA 
fagc referred to is as follows : " Apices logiflici, Jufto Byrgio, multis 
annis ante edltionem Ncpeiranam, viam praeivcrunt ad hos» ipfifUmos 
logarithmos (i. e. Briggianos) etfi homo cundlator etfccrctorum fuorum 
cuflos, factum in partu dcflituit, non ad ufos publicos educavit. That is 
the accents (', '', % '% 8cc. denoting minutes, feconds, thirds, fourths, 
8cc. of a circular arch) led Byrgius to the very fame logarithms (now in ufe) 
"1^ many years before Napier s work appeared : but yuflus being indolent and re^ 
fcrved [ox 'y:2\oM%) with regard to bis own inventions^ forfook this bis offspring 
(at or) ;/; /// birtb^ and trained it not up for public fervice. 

It 

• Nihil autcm (writcn Kepler to Crugcrus) fupra Nepeiranam rationcm cffe ptito : ctfi qiudem» 

Scotu8 quldam» Uteris ad Tychonem anno 15949 fcripti8> jam fpem fecit Canoxiis illiue Mirifici* Kept 

Eplft, a Gotthcb. Hantfch, folio p. 460. / 

t Thiu Byrgius ml^ht conceive Log. a*:± o 

Log. a' = I 
Log. a" = '2 
Log. a*"^ 3 &c « beifaf any litifflber left tliafl 6^ 
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It may be obferved that this affair refts on the fingle teftimony, of 
Kepler j but it would perhaps be coniidered as a fpecies of herefy to 
doubt the teftimony of fo great a man. It has been infinuated, how- 
ever, that from partiality to a countryman he might imagine he faw 
more than was really to be found in the papers of Byrgius *. Indeed 
the expreffion, fatum in partu defHtuit^ gires a colour of truth to the in- 
finuation, and tempts one to think, that Juftixs' acquaintance with the 
logarithms, was much on a par with that of Stifellius. Moreover, it 
is highly probable, that even the profound and penetrating Kepler might 
have perufed the manufcripts of Byrgius, without paying any particu- 
lar attention to his principles of the logarithms,^ had he himfelf not been 
previoufly acquainted with Napier's theory of thofe numbers. Neither 
does it feem probable that Byrgius, had he known its value, could have 
been fo indolent, fo unreafonably referved, and fo dead to the fenfe of 
reputation, as to conceal from all the world an invention fo uleful and 
fo glorious. We know alfo, that he communicated to his fcholars and 
others a moft ingenious and eafy method of conftru(5ting the tables of the 
natural fines f . But fetting all this entirely afide, and granting a great 
deal more in favour of Byrgius than Kepler's words impute to him j 
nothing can thereby be detracted from the merit of Napier, who never 
faw or heard of Byrgius' pretended difcovery of the logarithms ; for, 
by Kepler's own confeflion, homo cun&ator etfecrctorum fuorum ctifios^ hoc 
inventum, non ad ufus publicos educaviu 

O It 

* Montuda Hiftoire des MathematiqiM. 

f ThU method is unfolded, and dedicated to Jfuftus l^yrgitu its inrentor liy Raymar in his Funia* 
mentum Aflronomicum. See alfo a part of a ktter of Rothmannus to Tycho Brafae in Gidfendi Vit« 
Tych, aimo 159a. 
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It 18 therefore upon clear and indubitable evidence that, cum de aTiis 
fere omnibus praclaris Imoentis plures contendant gentes^ omnes Neperum loga^ 
rithmorum authorem agnofcunt qui tanti inventi gloria folus Jlne amulofruitur * ; 
while fcveral nations contend for almoft every other famous invention^ 
all agree in recognifing N^ier as the unrivalled author of the loga- 
rithms« and as fokly entitled to the elory of io ereat a diicovery. 



SECTION. 

^ Keil de Log. Fra6£ 



t# 



SECTION IV. 



KAPIER*S METHOD OF CONSTRUCTING THE LOGARITHMIC CANON. 



Had Napier's principal idea been to extend his logarithms to all arith- 
metical operations whatever, he woidd have adapted them to the feries 
of natural numbers, i, 2, 3, 4, &C-. In that cafe, having confidered 
the velocity of the two points as continuing the fame for a very fmall 
i^ace of time, after fetting out from N and L (Fig, XL), he would have 
taken Nn itfelf as the logarithm of CN + Nn, or Cn. Now as Cn fur- 
paffes CN or unity by a very fmall quantity, it is evident that, when 
raifed to its fucceflive powers, there will be, found in the. feveral pro- 
du6ls fuch as are very near in value to the natural numbers i, 2, 3, 4, 
&c. agreeably therefore to the above theory (Se(fl, III. prop, 9,) Nn be- 
ing equal to d, and x being a pofitive integer, any natural number naay 
be reprefented by (i+d)^ and its logarithm in Napier's fyftem by x d,. 

By this formula might the logarithms of all the primary numbers 3, 
5, 7, &c. be calculated ; from wliich thofe of all the compofite numbers 
4,. 6, 8, 9, 10, &c. are eafily deduced by fimple additions (SedL III. 
prop. 7.) or by multiplications by 2, 3, 4, 5, &c. (Sed, III. prop. 9).. 

Napier's 
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Napier^s views were entirely confined to the facilitating of trigono- 
metrical calculations. This is the reafon of his calculating only the lo- 
garithms of the fines ; the log. of any given number l>eing eafily de- 
duced from thefe by means of a proportion* 

In order to effe<^ his purpofe, he confidered that the radius^ or fine 
total, being fuppofed to confift of an infinite number of infinitely fmall 
and equal parts, all the other fines would be found in the terms of a 
geometrical feries defcending from it to infinity ; and that the logarithm 
of the radius being fuppofed equal to zoro, the logarithms of all the fe- 
ries, beginning with the radius, would be found in the terms of an a- 
rithmetical feries, afcending from zero to infinity by fteps equal to 
the logarithm of the ratio in which the geometrical feries defcends. 

■ 

Agreeably to this idea, he fuppofes the radius = CN = 10000000, 
and firft conftruds three tables, of which the firft contains a geometrical 
feries defcending from the radius to the hundredth term in the ratio of 
1 0000000 to 9999999. It is formed by a continvial fubtradling, from 
the radius and every remainder, its loooooooth part. The decimals 
in every term are pulhed to the feventh place ; a fjpecimen of this table 
follows. 

10000060 
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I 0000000 . ooooooo 
I . ooooooo 



^BH^ 



9999999 . ooooooo 

9999999 

I I I 

9999998 . 0000001 

9999998 

9999997 . 0000003 

9999997 

—————— 'm 

9999996 • 0000006 

and fb on to 
9999900 . 0004950 

The fecond table contains a geometrical feries defcending from the 
radius to the fiftieth term, in the ratio of 1 00000 to 99999, nearly 
equal to that of the firft term i ooooooo . ooooooo to the laft 9999900 
• 0004950 of the firft table. It is formed by a continual fubtra(5ling^ 
from the radius and every remainder, its 1 00000th part. The deci- 
mals are puftied to the fixth place. A fpecimen of this table follows* 

10000000 *. dftoooOb 
1 00 '. 000600 



99999900 
99 



00000b 
999000 



999980b . ooioob 

99 . 998000 

9999700 . 003000 

99 • 997000 



>. <w« 



9999600 . 006000 

and fo on to 
9995001 • 222927 

P 



Thi 
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The third table confifts of fixty nine columns of twenty one terms 
each. The firft column cont^ns a geometrical feries defcending fron^ 
the radius in the ratio oioooo to 9995, nearly equal to that of the firft 
term looooooo • 000000 to the laft 999501 . 222927 of the fecond ta^ 
ble. It is formed by a continual fubtrading, from the radius and eve- 
ry remainder, its 2000th part. The decimals are pulhed to the fourth 
place. The firft, fecond, third, &c. terms of all the other columns are 
geometrical feriefes defcending from the firft, fecond, third, &c, terms^ 
of the firft column to the firft, fecond, third. See. terms of the laft co- 
lumn, in the ratio of 100 to 99, nearly equal to that of the firft term 
10000000 • 0000 to the laft 9900473 . 57808 of the firft column. Each 
•f thefe feriefes is formed by a continual fiibtradling, from the firfl, fe- 
cond, third, &c. term of the firft column and from every remainder,, 
its 1 00th part. The decimals are pufhed to the fourth place, A fpcu- 
cimen of this table follows. 



1 0000000 ...OOOOO' 

5000 . 0000 

9995000 .. 00000 • 
4997 . 50000 

9990002 .. 50000; 
4995 • 00125: 



V 

** 



99985007 . 49875; 
4992 . 50374.. 

- 9980014 . 99501 
and lb on to 
9900473 . 57808 



Hating 
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Having generated the above proportionals in this ingenious and 
cafy way, he finds their logarithms in the following manners 

By prop. 14, or 15. where CNzriooooooo and Cnz: 9999999 he 
finds Lr (the log. of 9999999) = 1.00000005: the logarithm therefore, 
by prop. 9. of (the laft or looth term of the firft table) 9999900 . 0004950 
is 100 . 000005. 

By prop. j6. or 17. where Cn^zr 99999900 . 0004950 Cn''=99999oo 
..0000000 and Lr= 100 . 000005, he finds IT (the difference of the lo- 
garithms of Cn' and Cn'') = o . 0004950 ; the logarithm therefore (of 
99999) 1^1' is 100 . 0005 J and by prop. 9. the logarithm of (the laft 
or 50th term of the. fecond table) 999501 . 2229^7 is 5000 ..025* 

By the fame i6th or 17th propofition, he found the logarithm of 
9995000 . 0000 = 5001 . 2485387; for, by the continual addition of this 
logarithm to itfeif (prop. 7), he obtained all the logarithms of the num- 
bers of the firft column of the third table. In the fame manner he 
found the logarithms of all the firft, fecond, tliird, 8cc. terms of the 
other colunms of this tables 



Thus did Napier complete, what he calls, the Radical Table, of 
Irrhich a fpecimea follows : . 

RADICAL 



JS 
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RADICAL TA B L E. 



tIRST COLUMN. 



SECOND COLUMN. 



NATURAt. 


ARTiriCIAt. 


NATURAL. 


ARTIFICIAU 


rooooooo • ocoo 

9995000 . 0000 
9990002 • 5000 
9985007 . 4987 
9980014 . 9950 

and fo on to 



5001 .'2 
10002 . 5 
15003 . 7 
20005 . 
and fo on to 


9900000 . 0000 
9895050 . 0000 
9890102 . 4750 
9885157 . 4237- 
9880219. 8451 

and fo on to 


100503 . 3 

105504 .6 
110505 . $ 
115507. I 
120508 . 3 
and fo on to 


99<»473 • 5780 


100025. 


9801468 • 8423 


200528 . t 


and fb on to 


^. 


COLUMN 69, 




NATURAL. 


ARTIFICIAL* 




5048858 . 8900 

504^5333 • 4605 
504381 1 . 2932 

5041289 • 3879 

3038768 . 7435 

and fo on to 


6834225 . 8 
6839227 . I 
6844228 . 3 
6849229 . 6 
6854230 . 8 
and fo on to 




4998609 . 4034 


6934250^ 8 





The n\imbers and logaritlrais In the above table, coinciding nearly 
'^ith tlie natural and logarithmic fines of all the arcs from 90^ to 30^1 
he was enabled, by means of prop. 16. or 17. and a table of the natural 
fines, to calculate the logarithmic fines to every minute of the laft 6o* 
of the quadrant. 

In order to obtain the logarlthricis of the fines of arcs below 30% h* 
Propoie* two methods. 



The firft is this. He multiplies any given fine of an arc lefs thail 
JQ^ by the number 2, 10, finding the logarithms of the numbers t 

and 
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vsi 10 by means of the radical table, or takes fbme one of vthe conX'^ 
pounds of thefe fo as' to bring the produdl within the compafs of tho 
radical table. Then having found, in the manner before defcribcd^ 
the logarithm of this product, he adds to it the logarithm of the mul^ 
tiple he had made ufe of; the fum is the logarithm fought. 

The fecond method is derived from A property of the fines which 
be demonftrates. The property is this : Half the radius is to the fine 
of half an arc, as the fine of the complement of half that arc is to the 
fine of the whole arc. Hence, as is evident from a foregoing prop, 
that the logarithm of the fine of half an arc may be had by fubtradting 
die logarithm of the fine of the complement of half that arc from the 
fum of the logarithms of half the radius and of the fine of the whole 
arc. 

By ^his fecond medfiod, which is much eafier tlian the firft, the lo^ 
garithms of the fines of the arcs below 45*^ may be obtained ; thofe 
nbove 45^ having been calculated by help of the radical table. 

The logarithms of the fines to evety minute of the quadrant being 
Ibund by the ingenious methods above defcribed, the logarithms of 
the tangents were cafily deduced by one fimple fiibtradlion of the lo- 
^ithm of the fine of the complement from that of the fine for each 
arc. The logarithm of the radius, which fo frequently occurs in tri- 
gonometrical fblutioni, having been very advantageoufly made equal 
to zero, the logarithms of all the tangents of arcs below 45^ and of 
oil the fines muft have a different fign from that of the logarithms of 

<^ aU 
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all the tangents of arcs above 45^. Napier chofe the pofitive fign £of 
the £Drmer which he Qz!il% abundantes^ and the negative for the latter 
*frhich he calls defeStvu 

The arrangement of the numbers in Napier's logarithmic table, is- 
nearly the fame with that neat one which is flill in ufe* The natural 
and logarithmic fines and the logarithmic tangent of an arc and of its 
complement ftand on the fame line of the page. The degrees are con-- 
tinned forwards from o^ to 44^ on the top, and backwards from 45^ 
to 90° on the bottom of the pages. Each page contains feven colxunns ;. 
the minutes defcend from o' (to 30' or from 30') to (^d in the firft, and 
from 60' (to 30' or from 30') to o' in the laft of thefe columns. The 
natural fines of the arcs, on the left and on the right hand, occupy the 
fecond and fixth column, and their logarithms the third and fifth re— 
fpedlively. The fourth column contains the logarithms of the tangents 
which are taken pofitively if they refer to the arcs on the left, and ne- 
gatively if they refer to the aixs on the right hand. A fpecimen of 
this table is here amiexed. 



Gn 
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44 

mi. 


SINUS. 


LOGARITHM!. 


DIFPSRENTIA. 


LOGARITHMI. 


•1 1 


30 

3' 
32 


7009095 
701 1 167 

701 3241 


3553767 
3550808 

3547851 


A7454I 
168723 

162905 


3379226 
3382085 
3584946 


7132504 
7130465 
7128225 


30 

29 
28 


33 
34 

3? 


7615.SI4 
7017387 

7019459 


3544895 
3540941 

35^^9''9 


157087 
I51269 

H545« 


3387808 
3390672 

3393537 


7126385 

7124344 
7122303 


27 
26 

25 


3<i 

37 

, 38 , 


7021530 
7023601 
7025671 


353603^ 
35330S9 
3530142 


i 39633 

133SX4 
127996 


339O406 

3399275 
3402146 


7120261 
7118218 
7116175 


24 
22 


39 
40 
41 


7027741 
7029810 
70318-9 


3527197 

35*4243 
3521311 


J22178 
116359 
110541 


3405019 
3407894 
3.^10770 


7114131 
7112086 
7110041 


21 
20 

19 


42 
43 

44 


70339^7 
7036014 

7C38C81 


3518371 

3515432 

35^2^95 


104723 
9K904 

9^6^6 


34*3648 
34^5528 

3419409 


7107995 
7105949 

710390a 


18 

»7 
16 


45 
46 

47 


7040147 
7042213 
7044278 

7046342 
7048406 
7050469 


3509560 
3506626 
3503694 


67268 
8i4)0 
75632 


3422292 
3425176 
3428062 


7101H54 

7099806 

70^7757 


15 
13 


48 

49 
50 


3500764 

3497S35 

349490^ 


69824 
64006 

5M78 


3430940 
343?^29 

3436730 


7095708' 

7093658 

7091607 


12 
11 
10 


5» 

53 


7052532 

7054594 

7^-5669; 


349 » 9^3 
3489060 

34^^»39 


52360 

46543 

40726 

34903 

2<^0v;0 
2327^ 


3439623 
34425 '7 

34J54»3 


70^9556 
7087504 
7085452 


9 
8 

7 


54 
55 
56 


7058716 

7060776 
7062386 


3485219 

348C301 

34^-73^5 


344^3** 
345«2ii 
3454«i2 


7-'»3399 

7081345 

7079291 


6 

5 

4 


57 
58 
59 


7004695 
7066955 
7069GI I 


3474470 

3475557 
3. 68645 


»7435 
1 1 6 < 7 

58*18 


3457015 
3459920 

3462^27 


7077236 
7075181 
7071125 


3 

1 » 
1 


60 
1 


707100^ 

• 


34<>i735 





3165735 


7071068 




45 

mi. 

Gr. 



In the Appendix to tEe Canonls mirijlcl conJlruElio^ Napier delivers three 
other methods of computing the logarithms ; but as thefe methods are 
generally better adapted to tlie conftruclion of a fpecies of logarithms 
different from that I have defcribed, I fhall poftpone the accoimt of 
them to the next fe(5lion. 



Ths 
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The ingenious method by which Napier conftrufted the radical t»* 
ble is ahnoft peculiar to the Ipecies of logarithms it contains : It does 
not feem, however, to be fufceptible of all the accuracy one would wifh : 
for, notwithflanding the many precautions he had taken, particularly 
in puihing his numbers to feveral decimal places, the logarithms in his 
canon often differ from the truth by feveral units in the laft figure* Of 
this he hinafelf was apprifed by finding different refults from the two 
methods of determiniag the logarithinic fines of arcs tmder 30^. In or- 
der to remedy this defedl, he propofes adding another zero to the radi- 
us ; by which means, in purfuing this fame method, the logarithms of 
the fines might be obtained true to an unit in the eight figure. 



SECTION 



SECTION V. 



THE COMMON LOOAItlTHMS DEVISED BT NAPIER AND PREPARED BY 
BRIGGS) AND THE METHODS PROPOSED BY NAPIER FOR COMPU- 
' TING THEM^ 



One t:apital difad vantage attending the fpecies of logarithms which 
firft occurred to Napier, arifes from the difference between the fign of 
the logarithms of the tangents of arcs greater than 45^ and the fign of 
the logarithms of the fines x>f all the arcs of the quadrant. 

This defect was eafily remedied by luppofing the finallefl: .poflible 
fine equal :o i and its logarithm o ; as in this cafe, the Jogarithms of 
all the fines and tangents of every arc in the quadrant would have the 
fame fign. But, if the fame fjpecies of logarithms is made ufe ef, the 
logarithm of the radius, tv^hich occurs fo frequently in trigonometrical 
folutions, would ht a number difficult to be remembered. More^ there- 
fore, would be loft than gained by this alteration. What fpecies of lo- 
garithms will free us from a difference in the figns, and at the fame time 
afibrd a logarithm of the radius that fhall be eafily remembered and 
^afily managed ? It was this very queftion, in all probability^ that le4 

the common logarithms^ which, of all others, are the bcft adapted 

R . t* 
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to our modem arithmetical notation. This fyftem of logarithms har 
for its balls ,1 as logarithm of the ratio of 10 to i : fo that the powers i^ 
10, 100, 1000, &c. of the number 10 have their reipecftive logarithma 
o, 1,2, 3, &c. * Here, by the bye, it may be obferved, that not only- 
Napier's manner of conceiving the generation of the logarithms, but 
his having computed tiiat fpecies- of logaritlims, which has been diC- 
cribed, before the common logarithms occurred to him, is a convincing 
proof of hi> not taking the hint of the hgarttbrns from the remark of Stifcllius^ 
formerly mentioned. L think, it is even beyond doubt that Napier^ ia 
common with all other arithmeticians acquainted with the Arabic, or 
rather Indian figures, had obferved that the produdl of any power of 
the number 10. by any other power of that number, was formed hj 
joining or adding the zeros in the one to thofe in the others and that 
the quotient of any one power of that number by any other, was for^ 
med by taking away or defacing a number of zeros in the dividend e-i- 
qual to the number of jieros in. the divifion ; and all this without think-^ 
ing that he was, at that time, making the fimdamental remark of .the : 
logarithms. Nor win this feem at all furprifing to thofe who are ac- 
quainted with the hiftory of fcience and of the human mind* It is fel- 
dom that we dire(flly arrive at truth by the moft natural and cafy pattu ^ 

Perhapa 

• Wc have fecn ScA. III. that in Napi€r*8'fyftira tkfe TclcMBity of the twomoreaUe polntB ia N afid L 
Fig.. XI. is equal and that the logarithm {LI)* of any number (CN+Na)x or i.oooooooyi)* is ncar- 
Ijf equal'to (No)x ov [.ooooooo^ijx In the common fyftem the velocity at L is lefs than the half 
of the velocity at Nj and the logarithm LI of the number [CN+NnJx [or ia>oooooo9i]x is neaiiy- 
equal [0^.342945] NnXx or [o.ooooooo,0434>2945]x: for in making this Aippofition the logaritiuA 
of 10, is found to be t. The logarithms therefore ia Ns^ier^a fyftem are to the correlpoiideat oae^ 
in the cooamon fyftem as i i« to o. 434as^5 qti wbsilis^t)^ fiuuc tUng ttliexofluooAlo^f^ 
^ thofe of Napier as i is to i.^oz^Z^i^ , 
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Perhaps the ftrongefl: mark of the greatnels of Napier's . geriiua is not 
his inventing the logarithms, but his manner of invei|ting them* But 
to return ; In this new fyftem the radius was made equal to the loth 
pow^r I opoooooooo of the number i o^ of which the logs^rithm, in the * 
new fcalq is lo. The divifion of the radius into fo great a number of 
parts, render the fine of the finjaileft fenfible arc greater than i, of 
which the logarithm is zero : confequently, the logarithms of all the 
fines and tangents of the area of the quadrant, ^ being on the fame fide 
of zero, have thp fame fign. , * 

With regard to the logarithm of the radius, its being eafily maoa^ 
ged is fuflElciently obvious^^ 

Thus in our common logarithms the difadvantages of Napier's iyfteitt 
arc avoided, whilft its advantages are retained and united to feveral 
others. Of thefe additional advantages in the common canon, thd 
moil capital is, that the units in the firft fig\ire (to which Briggs gave 
die name of charadleriftic) of the logarithm are fewer by one than the * 
figures of the number to which that logarithm correfppnds. 

Whether Napier, or Briggs,^/)? imagined this newfpepes of logst- 
jithms, is a queftion which the learned do not feem as yet to hav$ per- 
fcdly decided. - 

- The only evidence we have on which a d^cifion can be grouped, i* 
ocmtained in the foUowing p^ticular«t < 
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I. In a letter to Uflier afterwards Archbifhop of Armagh dated the 
loth of March 1615, the year after the publication of Napier's Canon* 
Briggs writes thus *, " Napier lord of Merchifton hath fet my head 
•* and hand at work with his new and admirable logarithms : I hope 
•• to fee him this fummer if it pleafe God; for I never faw a book 
•* which pleafed me better, and made me more wonder*" 

II. In the dedication of his Rabdologia, publiflied 161 7, Napier has 
the following words, " Atque hoc mihi fini propofito, logarithmorum 
^ canonem a me longo tempore elaboratum fuperioribus annis cdendum 
•* curavi, qui rejeflis naturalibus numeris, et operationibus quae per 
^* cos Hunt, difficilioribus, alios fubftituit idem praeftantes per faciles 
^ addtiones^ fubftra<5liones, bipartitiones, et tripartitiones. Quorum 
•• quidem logarithmorum fpectem allam multo prajiantiorcm nunc ctiam in^ 
^ venlmusy et creandi method um, una cum eoi^um ufu (fi Deus Ion* 
•* giorem vitae et valetudinis ufuram concejQTerit) evulgare ftatuimus : 

ipfam autcm novi canonis fupputationem, ob infirmam corporis noflri 
•* valetudinem, viris in hoc ftudii genere verfatis rclinquimus : impri- 
•* mis vcro dcdtilTimo viro D. Henrico Briggio Londini publico Geo- 
•* metriar Profeflbrii et axnico mihi longe cliarillimo'*, 

III. In the preface to the logarithmorum chillas prlmay a table of the 

common logarithms of the firfl: thoufand natural members, Briggs ex* 

preffes himfelf in the following terms j " Why thefe logarithms differ 

^ from tJioXe fet forth by their illuftrious inventor, of ever refpedlful 

** memory, in his canon mirificus^ it is to be hoped, his poflhumous work 

P will fliortly make appear." 

IV. 

^ The life of Arcbbilhop UAcr and luft corref^ndcncei bj !lkluur4 Par, I). D. i6t6. folio» 
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IV, In the preface the Arithmetica Logarithmeca *, there is the fol- 
lowing paragraph, " Quod hi logarithmi diverfi funt (writes Briggs) ab 
** iis quos darilfimus vir baro Merchiftqnii in fuo edidit canone mirifi- 
" CO, non eft quod mireci, enim meis auditoribus Londini publice in 
" CoUegio Grefhamenfi horum dodlrinam explicarem; animadverti mul- 
to futurum commodius, fi logarithmus finus totius fervxtur o zero 
(ut in canone mirifico) logaritlimis autem partii decimae ejufdem finut 
** totius, nempe iinus 5 grad. 44 min. 21, fecund, cflet 1.00000,00000: 
** atque ea de re fcripfi ftatim ad ipfum. Authorem, et quamprimum 
*.* hie anui tempus, et vacationem a publico docendi munere licuit, 
^ profedhis fum Edinburgum ; ubi humaniffime ab eo acceptus hscfi 
** per integrum menfem. Cum autem inter nos de horum mutationc 
" fermo haberetur ; Ille fe idem dudum finpjfe^ et capuifle dicebat : ve- 
^* runtamen iftos, quos jam paraverat, edendos curafle, donee alios^ fi 
V per negotia et valetudinem liceret, magis commodos confcciflet. If- 
tam autem mutationem ita faciendam cenfebat, ut o eflet logarithmus 
xmitatis et 1,00000^ 00000 finus totius: quod ego longe commodiffi- 
** mum efle non potui non agnofcere'^ " Capi igitur ejus hortatu, rc- 
" je<5lis illis quos antea paraveram, de horum calculo ferio cogitare, et 
iequenti aeftate iterum profedlus Edinburgum, horum quos hie exhi* 
beo praecipuos, illi oftendi. Idem etiam tertia aeftate libentiflime fac* 
turns, fi Deus ilium nobis tarndiu fuperftitem eflie voluifFet f*" 
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It may here be obferved, that the manner in which Briggs propofed 
the application of the common logarithms to trigonometrical purpofes^ 

S did 

• PubKflicd in i6r4. 

f Ulacg in his title page to hit edition of Brigg's log. writes to tbe fame purport. '* Hoe nnmeilli 
'^ primis inTcnit clariilimus vir Joanne» Nepems Baro Mcrchiftonii \ $9i auiim fx fjufd^mJinUttUa^ 
^ iavih corumqne ortum et alum illuftiait Henricus Briggiu»*\ 
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did not at all tend to obviate the chief difadvantage of Napier^s Canon t 
Jor according to Briggs' idea the fign of the logarithms of the fines and 
the tangents lefs than the radius muft be the oppofite of the fign of the 
logarithms of. the tangents greater than the radius. It feems probable, . 
therefore, that.Briggs had been led to the common logarithms in en- 
deavouring to get rid. of the indiredl method of finding tlie logarithms 
of the natural numbers by means of Napier's logarithmic Canon* 

From the extracts above given it appears that the common logarithms ^ 
hfid occurred to Napier before they occurred to Briggs : Fof the mo^ 
defty and integrity of Napier's charadler put beyond difpute the truth 
of what he mentioned to Brigg's at their firft meeting, and to the Earl 
of Dunfermline in the dedication of the Rabdologia. But if the ha- 
ving firft communicated an invention to the vsrorld be fufficient to enti- 
tle a man to the honour of having firft invented it, Briggs has a better 
title than Napier to, be called the inventcwr of this happy improvement of 
the logarithms *. For Briggs mentioned it to his pupils in Grefliam 
College before the publication, in i6j6, of. Edward Wright's tranfla* 
tion of (the Canon Mirificus^ in the Preface to which Napier gave the 
fijcft notice of this improvement. With regard to the pafl^age in the 
preface to the Cbilias prima publifhed after Napier's death, where Briggs 
£bems to require an acknowledgment from the editor of the Canonis mi- 
rifici conftru6lio, that i>r had alfo imagined, the new logarithms; the 
overfight or fault hes at the door of Napier's fon and not at his own, . 
Had Napier lived to pubUfli his laft mentioned work, it is hardly pof- 
fible to entertain a fliadow of doubt, but that he would have done am- 
ple 

• Hutton Math- Tab; 
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pie juflice to Briggs in this particular. Napier and Briggs had a reci- 
procal efteem and affedlion for each other, and there is not the fmalleft 
evidence of there having exifled^ in the breaft of either^ the leaft parti- 
cle of jealoufy ; a paffion unbecoming and difgraceful in a man of 

merit. 

We fhall difmifs this affair with obferving, i . That after the inven- 
tion of the logarithms, the difcovery of the beft fpecies of logarithms was 
no difficult affair : 2. That the difcovery of the common logarithms at 
that time» was a fortunate circumflance for the world, as there are few 
poffeffed of ingenuity and patience fufficient for the conflrudlion of 
fuch extenfive and accurate tables as are thofe of Briggs' Arithmetica 
hgaritbmka ; and 3. That the invention of the new fpecies of loga- 
rithms is far from being equal to fome other of Briggs' inventions. 

We come now to give a very brief defcription of thofe other methods ^ 
of conftrudting the logarithms,' propofed by Napier in the appendix xxy 
his pofthumous work. 

The firft of thefe methods is the following : The logarithm of i be- - 
irig fuppofed o, and the logarithm of 10 i followed by any number 
of zero, 1 0000000000 for example; this laft logarithm and the fucceC- 
five quotients divided (ten times) by the number 5 will give thefe (ten) 
logarithms 2000000000, 400000000, 80000000, 16000000, 3200000, , 
640000, i28oGfl), 25600, 5120, 1024 to which the reipecSlive correfjpon- 
dent numbers may be found by extracfling the 5th root, the 5th root 
ef the 5th root, the 5th root of the 5th root of the 5th root, &c. of 

the 



^ -LIFE, WRITINGS, and 

the number lo. Then the laft logarithm 1024 and the fuccefGve quo- 
tients divided (ten times) by tlie number 2, will give thcfe (ten) loga- 
rithms 512, 256, 128, 64, 32, 16, 8, 4, 2, I, 8cc. to which the refpec- 
tive correfpondent numbers may be found, by extradling the fquarc 
root, the fquare root of the fquare root, the fquaire root of the fquarc 
root of the fquare root, &c. of the number (found as above diredled) 
correfponding to the logarithm 1024. By addition tliefe (twenty) lo- 
garithms, and by multiplication their refpecflive natural numbers fervc 
for finding a great many other logarithms and their numbers* 

The fecond method is this : The logarithms (o and 1 0000000000 for 
c;cample,) of any two numbers i and 10 being given, the logarithm 
of any intermediate number (2 for examples) may be found by taking 
continually geometrical means, firfl between one of thefe numbers (10). 
and this mean, then between the fame number (10) and the laft mean, 
and fb on till there be found the number (2) wanted ; of which the lo- 
garithm will be the correfponding arithmetical mean (30 1.0299957) be- 
tween the two given logarithms (o and 1 0000000000)^ 

The third method is as follows : Suppofe the common logarithm of 
a number not an integral power of 10 (2 for inftance) find the num- 
ber of figures in the loth, looth, 1 000th, &c. power of that number: 
The fucceflive numbers of figures (4, 31, 302, 3011, &c.) in thefe pow* 
crs (2'^, 2'^, 2^^^, 2^""^^^ &c.) will always exceed by lefs than unity, 
but continually approach to the logarithm 130102999566, &c.] re- 
quired. 

The 
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The firft of thefe methods is very operofe, and by itfelf infufficient 
for confli-u<fling a complete logarithmic canon. The other two are 
much preferable. The laft is particularly well adapted for finding the 
logarithms of the lower prime numbers : For, fince the number of fi- 
gures in the produdl of two numbers, is equal to the fum of the num- 
ber of figures in each fador ; except the produdl of the firft figures in 
in each fadtor be exprefled by one figure only, which often happens ; 
a few of the firft, or left hand figures of the confecutive tenth powers 
•of the given number, will fuffice for finding the number of figures in 
theie powers* 

This laft method depends on the diftinguifhing property of the com- 
mon logarithms, which is, as was formerly obferved, that the units in 
{x] the rational logarithm of a number [10*] are one fewer than the 
number of figures in that number [lo"*]. Whence it follows, that 
the \mits in the irrational logarithm of any other number are not quite 
one fewer than the number of integral figures in this other number. 
Now, as in a feries of continued proportional nmnbers, the refult of 
any two terms is the fame, if one of the terms is raifed to the power 
indicated by the exponent of the other, or if this other is raifed to 
the power indicated by the exponent of the firft ; any number raifed 
to the power indicated by the logarithm of i o is equal to i o raifed to 
the fewer indicated by the logarithm of that number. If, therefore, 
[the logarithm of 10 being loooo, &c.] Y is any number not an inte- 
gral power of 10 and y its logarithm, we fliall have Y*^^^^^>*c.= ioyf 
and the number of figures in Y'^oo, &c ^y exceed y by lefs than i. 

T SECTION. 
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THE IMPROVEMENTS MAIXfi ON THE 'LOaA&iTHMS. 



JL H£ improvements that have been made upon the logarldbims alter 
the death of their inventor, regard the theory, the methods of conftmo- 
tion, the accuracy, eztenj&veneis, and form of the tables of theft 
ikumbers.- 



However ingenxons and bcantifttl Napier^s manner of delivering *the 
theory of the logarithms is, it mufl be acknowledged that it l^bour< 
imder one capital impropriety-7-treating geometrically a^ fubjedl which 
I«*operly belongs only to arithmetic. Senfible of this, Kepler *, Nicolas 
Mercatorf,Halley:i:, Cotes II, and other mathematicians of the firft 
note, have treated the theory of the logarithms in a different and truly 
fcientific manner. Their ideas are founded on the definition of the lo- 
garithms— jWir/wrrr rationem exponentes ; which, although it is not ezpreis<» 
ly Napier*8, is eafily deduciblc from his theory. Thus, in a geometrical 

progreifion, having any finite number c greater than imity for it^s bafis, 

ft 

the exponent x is the logarithm of the ratio <^ the number c' to c^ 

or 

* ChiliasLogaritlimoniin 1624. Tab. Rudolph* 1627. f Logvithmo -uduuif i668h 

;(.FliiL Trans. 1695. H Hannooia Menfurar. 1722. 



* 
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or unity : And, if the quotient of two quantities is taken as the meafurc 
of their ratio, the definition is rendered more fimple, and x will be the 
logarithm of c^* Upon this principle is founded the analytical theory 
of the logarithms in the appendix^ 

It was chiefly by the two laft methods, defcribed in the foregoing 
fe(5lion, that Briggs conflru<5led his logarithms. He invented alfo an 
original method of conflrudling logarithms by means of the firfl, fecond, 
third, &c» differences of given logarithms. How he came by it is not 
known. He defcribes it in his arithmetica logarithmica and there is a 
dcmonftration of it in Cotes's Harmonia, in Bertrand*s Mathematiques, 
and in the works of a great many other authors. 

' Edmund Gunter, Profeffor of Aftronomy in Gfelhatn College, who 
was the firft that publilhed a table of the logarithmic fines and tangents 
of that kind which Napier and Briggs had latt agreed on, applied, in 
the year 1623, or 1624, the logarithms to a ruler which bears his nanM. 
This fcale is of very great ufe in Navigation, and in all the pradlical 
parts of geometry where much accuracy is not required. On the ac* 
count of this logarithmical invention, Gimter^ after Napier and IJriggSi 
has the beft claim to the pubUc gratitude^ 

After Napier's dekth alttioft fifty yeats elapfed befote the inventions 
of the exprcflions of the logarithms by infinite feriefes. Of thefc the 
three following, from tvhich a great number of others are eafily deri- 
ved, were the firft* * 

liOgarithm 

f Appendix an. th. loj^. 
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Logarithm of {i-^ayzza — ^^a'-{-^'-j-8cc. X 

Logarithm of (i — a)= — a — ia^ — p' — &c. Y 



Logarithm of ( — ' — ) =^^4-^' -j-^'-j-8cc. 

\ I — a/ 



These formulse X^ Y, and Z will converge the more quickly in pro- 
portion is a is fuppofed lefs than unity ; and the fum of a few term« 
will generally fuffice. They are the values of Napier's logarithms, but 
will reprefent every fpecies of logarithms by being multiplied by an 
indeterminate quantity u^ which is called the modulus of the fyftem. 

The formula X was invented by Nicholas Mercator in the year 1667, 
andpubliftied in his Logarithmotecbnia the year following* Gregory of 
St Vincent, about twenty years before, had fhewn that one of the afymp- 
totes of the hyperbola being divided in geometrical progreffion, its ordi- 
nates parallel to the other afymptote are drawn from the point of divi- 
vilion,, they will divide into equal portions the fpaces contained be^ 
tween the afymptote and the curve : From this it was afterwards point- 
ed out by Merfennus, that, by taking the continual fums -cf thofe parts 

there would be obtained areas in arithmetical progrcffion correfpondii^g 

« 

to abfciffes in geometrical progreffion, and confequently that thefe ar- 
eas were analogous to a fyftem of k^arithms K WaHis, after this, had 
remarked that the ordinate correlponding to the abfcis /z, counted on 
the afymptote of the equilateral hyperbola from a diftance equal to the 

femi-axis i,is equal to — — ; and he had demonftrated, in his Arithme^ 

tka ifjfimtorut» j^vh]iQicd in 1655^ that the fum of i"-4-2°*-|-3°'4- &c. 
— * -^a^ {a reprefcBting a finite quantity divided into an infinite num- 

U bcr 
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ber of equal parts) is equal to ^. With thefe data Mercator ftt: 

m+ 1 

himfelf to find the area correfponding to the abfcifs ay or, what is the 

iame thing, the logarithm of ( i + ^), which he happily accomplifhed by 

firft developing, in the manner now conunonly pradlifed, the fhu5lion 

into I — a + a — u^ +&c. which had not been attempted before:- 



I +a 

dien, fuppofing a equal fucceffively to i, 2, 3, 4, &c. ^, and 

laftly, taking fucceffively the fums of all the zero, firfl, fecond, third,. 

&c, powers of thefe numbers f. 

In the fame year r668 James Gregory, in his Exercitationes Geomc- 
triC(Xy gave a demonftration of Mercator's formula for the quadrature 
of the hyperbola different from his. He demonftratcd the formula Y 
and found the formula Z by fubtradiing Y from X. He found too the 
the value of log, (i — ^^*) = — ^* — \o^ — \(^^ — &c. by adding Y to X : but 
tliis formula may be looked on as a folecifm when applied to numbers : . 
for the fame refult will be obtained by fuppofing a to be a fquare, in 
the formula Y, and even a more general refult may be obtained by- 
fuppofing a to be any power of a number. 

Sir Ifaac Newton, by his general method of the quadrature of curves,^ 
greatly fmiplified that of the quadrature of the afymptotic fpaces of the 

equilateral hyperbola. The ordiniate, (being as before = )— multipli* 

ed by a the fluxion of the abfcifs, becomes die fluxion of the corres- 
ponding afymptotic area : This produ<5l,. developed in the manner o£ 

• • • • 

Mercator, is j— aa + a a — a'a+Scc Taking the fltuent of each term 

of. 

* Montuda Hift. de Math. . f Appendix, Hyperbola. 
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of this feries gives the fluent of the area that is the logayrithm of 
1 + X equal to X as before. It appears, from a letter of Newton*s to 
Oldenburgh, that Newton had difcovered the quadrature of the hyper- 
bola by infinite but perhaps not general feriefes, before the publication 
of the Logarltbmotecbnla *. Something of the fame kind had alfo beea 
difcovered by I^ord Brouncker f . 

The areas of the equilateral hyperbola, as above defcribed, exhibiting 
the logarithms of Napier's fyftem, occafioned the appellation hyperbolic 
to his logarithms. It is difficult to account for the propriety of this e- 
pithet to Napier's logaritlims ; fince not only the afymptotic areas of 
equilateral but thofe of any other hyperbola may be made to repre- 
fcnt every poffible fpecies of logarithms, by fuppofing, in the fame hy-» 
perbola, the origin of the abfcillcs on the one afymptote at different 
diflances from its intcrfedlion with tlie other. Thus the afymptotic ar- 
eas of the equilateral hyperbola will reprefent the common logarithms, 
if the origin of the abfcifles is taken at the point, on the afymptote 
where the ordinate is uz=o . 43429 &e. the dillance of that point from 
the other afymptote being greater than the femi-axis but equal to i %. 
But if the origin of the abfeifles is taken equidiftant from the fummit 
of the hyperbola and the interfecSlion of the afymptotes, the afymptotes 
of the hyperbola, whofe areas reprefent the conmion logarithms, are in* 
clined to each odier about 25^. 44', of which the fine is u = 0.43429 &c. |( 

. The formulae X and Y have alfo been deduced from the logarith- 
loic §• — a curve whofe abfciffes are the logarithms of its ordinates or 

converfely 

♦ Wallifii Opera. toI. 3. p. 634 and fcq. cited by Hutton. f Montock. % Appendix^ - 
Hyperbola. |[ Hutton's M«th.|Trf), § Encyclopedic au mot Logarithmiquc. Appendixi Lo-' 
fiuitfamic. 
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tonvcrfely *. This curve is faid to have been invented hy Edmund 
Gunter f ; but its properties, fome of which are very remarkable, do 
not feem to have been much known and attended to till the time of 
Huygens, who enumerates them in his Cau/a gravitatis. It was confi- 
dered afterwards by Leibnitz, Bernoulli, THopital, and a great many 
others. The manner in which it is treated by John Keill in the tracS: 
en the logarithms fubjoined to his edition of EucUd, facilitates very 
much the conception of thefe numbers. In the Appendix the reader 
win find this curve treated in a new manner, with an enumeration of 
Ibme new properties. 

The lame formulae X and Y are ealily deduced by the flu3donary me- 
thod from Neper's generation of the logarithms. From what is faid in a 
foregoing fedlion it is evident that (Fig. XL) the velocity of the firft 
moveable at the point N is to its velocity at the point N' as CN is to 
CN'; but the velocity of the firft moveable at the point N is the fame with 

the velocity of the fecond moveable point at (any point of Ka) L': 

■ . 

therefore, in the language of fluxions, if NN'r:^, Log. (i +^) : a^:: i i 



X + tf, therefore Log. ( i + tf) = = « — ^^ + ^""^ — 8cc. therefore Log. 

I +<i 



I +azz a — J* +^' — &c. If the points n' and V are taken, it may be 
fhewp in the fame manner that Log. [i — <i]= 




In the year 1 695, Edmund Halley greatly improved the theory of the 
logarithms, by deriving the fcriefes for their conilru(StioB from the pfin- 

xiplcat 
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ciples of comnion Algebra independently of any curve. He was the 
firft alfo, if I miftake not, that gave the general feries for computing 
the numbers correfponding to given logarithms *. The analytical thcr 
ory of logarithms, in the Appendix, is nearly on Halley's plan, but 
was materially finifhed before the author faw his treatife^ 

To defcribe, or enumerate, all the tables of logarithms, which have 
been publifhed iince the invention of thefe numbers, would be tedious 
and ufelefs, and indeed next to impoflible. We fhall reftricfl ourfelves 
to thofe which are the moft cpnfiderable and the moft ufeful* 

In the year 1 624, Benjamin Urfinns, mathematician to the Elecflor 
of Brandenburg, publifhed at G^logtie, with his Trigonometria^ a Table 
of Napier's logarithms of the finei to every ten feConds of the quadrant* 
He feems to have been at much pains in computing it, and, in order to 
obtain the logarithms true to the neareft unit in the eight figure, he fup- 
pofed the radius followed by an additional zero, as Napier had advifed f ^ 

In the fame year, Kepler publifhed, at Marpurg, his Chillas Loga^ 
ritbmorum ad todidem numeros rotundas &c. and, in the year following, a 
fupplement to it. In tjiis table, the logaritlims are of the fame kind 
witli thofe of Napier, but adapted to Jines in arithmetical progrefHon. 

Small tables of the fame fpecies of -logarithms have been publifhed 
by T. Simfon in his fluxions, by Dr Hutton in his Math. Tab. and by^ 
a great many others, to eight places. In Euler's IntroduElio in analjftn 

X iqfinitorum 

• Pha. Tranf. for 1695. f Kepi. Epift* 
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injinitorum, there is a finall table of the firft ten natural numbers with 
their logarithms to twenty fix places j and, in Bertrand's work formerly 
mentioned, there are the logarithms of a great many of the firft hxia^ 
dred natural numbers, and of feveral others, to the fame number of pla* 
ces. Some of thefe differ from the truth, by fome units only, in the laft 
figure, and the logarithm of 6 1 is wrong in the fixteenth figure from 
the left hand« In the Appendix there is a table of Napier's logarithms 
of die firft hundred and one natural nimiber^ to twenty feven places; 

In die year 1624, Briggs publifhcd at London his- Arithmetica Loga-^ 
rttbrnica. This work contains Briggs' or the common logarithms, and. 
their differences, of all the natural numbers from i to 20000, and from 
90000 to 1 00000 to fifteen places, including the index or chara^beriftic. 
Infomc copies, of which there is one in the Library of the Univerfity 
of Edinburgh, there \s added the logarithms of the numbers from 
1 00000 to loiooo, which Briggs had computed after the former had 
been printed off. Before his death, which happened in 1650, this au-^ 
thor completed alfo a table of the logarithmic fines and tangents to fif- 
teen places, for die hundredth part of every^ degree of the quadrant, and 
joined with it the natural fines, tangents, and fecants, which he had be- 
fore calculated. This work which Briggs had compnitted to the care 
of Henry Gellibrand, at thartime profeflbr of aftronomy in Grelham 
College, was tranfimtted to Gouda, where it was printed under the in- 
fpeftion of Ulacq, and was publifhed at London in i6j3, with fhe tide 
of Trigonomctria Bntannica^ 



Thes» tables of Briggs* have not been equalled, for their extenfive^ 
nefs zfid accuracy together ; thofe of his logarithms that have been re- 

examixxed 
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examined having feldom been found to differ from the truth by more 
than a few units in the fifteenth figure. 

In the year 1628, Adrian Ulacq of Gk)uda, in Holland, after filling 
up the gap betwixt aoooo and 90000, which Briggs had left, repub<- 
tifhed the Aritbmetica Logaritbmicaj together with a table of the loga- 
rithmic fines, tangents, and fecants, to every minute of the quadrant. 
Some years afterwards, he publifhed his Trigonometria Artificialisy con- 
taining Briggs' logarithms of the firfl twenty thoufand natural num- 
bers, and the logarithmic £nes and tangents, with their differences for 
every ten feconds of the quadrant. In both thefe works, the logarithms 
are carried to the eleventh place including the index, and are held 'm 
much ^(Umation for their corredlnefs. . 



AJBRAHAM Sharp, of Yorkfhife, publifhed with his Geometry Improved^ 
in 1 7 1 7, a table containing Briggs' logarithms of the firfl hundred na- 
tural numbers, and of all the prime numbers from 1 00, to 1 1 00 and of 
all the numbers from 999980 to 1000020, to fixty two places including* 
the charadleriftic. There is the greatefl probability of all thefe loga^ 
rithms being corredL The laft forty-one [from 999980 to 1000020] 
were verified afterwards by CJardinen 

Tables of the logarithms, carried to fo great a number of places aa 
thofe of Sharp, Briggs, and Ulacq, are feldom ufed ; the logarithms to 
eight places inclufive of the charaAeriftic being fufficient for all com- 
mon purpofes. The mofl ufeful tables are thofe which have the loga- 

lithisas corre^ to the neareft unit in the eight figure, difjpofed fo as to/ 

take 
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take up little room, and, at the fame time, to afford the eafieft and mofl 
fpeedy means of finding the intermediate logarithms, or numbers cor- 
rcfponding to given numbers or logarithms The form of the ta- 
bles beft adapted to anfwer thcfe purpofes was fir ft introduced by Na- 
thaniel Roe, a clergyman in Suffolk, in his Tabula Logarithmic^^ print- 
ed at London in i633. This form was improved by John Newton, in 
his T'rigonometria Britannica pubhfhed at London in 1658, and by Sher- 
win in his Mathematical Tables, of which the firft edition was printed in 
1 705. It has received additional improvements in Mr Callet's edition 
of Gardiner's Tables printed at Paris in i783, * 

The difpofiton of the tables is as follows : Each page of the logarithms 
of the natural numbers is divided into twelve columns. The firft co- 
lumn, titled N at top and bottom, contains the natural number. In 
tlic fecond column, marked O, are the logarithms, without the charac- 
tcriftic, of thefe numbers : the three firft figures, belonging to the lo- 
garitlims of more numbers than one, are feparatcd by a point from th6 
other four figures of the logaritlun of the firjl of thefe numbers and 
are left out before the other four figures of the logarithms of the reft* 
In each line of the next nine columns, marked with the nine fignificant 
digits 1,2,3, ^^* ^^^^ ^^^^ figures, which, united to the firft three ifola* 
ted figures of tlxe fecond column in the fame line with them, or above 

them, 

♦ Tables porttitJves de Logaritlimes, puLllces a Londres par Gardiner, Angmentce et perfcdio- 
nccs dansleur diTpofition par M. Callet, et corrigees avec la plus fcrupuleufe exa6litude : contcnant 
Icslogarithmca dcs nombre depula i jufqu'a 102960, Ics logarithmes des finus and tangentes, de fecondc 
en fcconde pour Ics deux premiers degres et de 10 en 10 fecondes pour tous les degres du quart de 
tJrclc ; prccedccs d*un precis elementaire fur Pexplicatioa et Tufage des logarithmes ct fur leur s^- 
jflication aux calculs d'interets, a la Geometric-pratique, a TAflronomie et a la Navigation j fuivict 
de plufieurt tables interelfantes et d'un difcours qui en facilite I'ufage. A Paris 1783. 
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them, form the logarithm of the number arifing from the jundlion of 
the digit at top or bottom to the figures in the firfl: column, corres- 
ponding to faid four figures. When the laft of the three firfl figures 

of a logarithm, correfponding to a number formed by figures in tlic 
firft column and a fignificant digit at top, is found augmented by uni- 
ty, thefe three figures, together with the correfpondent fours, are moved 
a: line downwards ; by this means one avoids the millaking. one three 
figures for another, which, without fpecial care, mull often be the cafe 
in ufing Sherwin's, Gardiner's ox Mutton's Tables. The lafl column 
contains the differences of the confecutive logarithms, together with the 
proportional pai4s correfponding to the nine digits. With thefe pro- 
portional parts one can compute by the eye alone the logarithms, not 
in the table, of all the numbers lefs than 1029600, and,^ with very little 
trouble more, thofe of all numbers lefs than 10296000, as exadlly as eight 
places of figures can exhibit them. In the table of the logarithmic 
fines and tangents, the degrees and minutes are difpofed nearly in the 
fame manner as in Napier's Table. Each page contains eleven columns. 
In the firfl and lafl are the minutes. In the fecond and lafl but one 
are the feconds o, 10, 20, 30, 40, 50, o, and o, 50, 40, 30, 20, 10, o, of 
which the firfl and lafl zeros are in the fame line with and the refl be- 
tween each fucceeding minute. In the third, fifth, feventh and ninth 
columns are the logarthmic fines or cofines, cofines or fines, tangents or 
cotangents, and cotangents or tangents, according as they refer to the 
degrees at top and the minutes and feconds in the firft and fecond co- 

• * 

lumn, or to the degreees at the bottom and the minutes and feconds in 
the lafl penult columns. The other three columns contain the differ- 
ences of thefe logarithms. The above delcription will become perfe(fl- 
ly intelligible by inlpedling the following fpecimens of thefe Tables. 

y TaK 
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These Tables, which are executed with a new and elegant type on 
good paper, form a fmall odtavo volume. There is every probability 
in favors of their correcflnefs. They are copied from the London edi* 
tion of Gardiner printed in 1 742, which is in the highefl eftimation 
for that quality. Meflieurs Callet. Leveque and Prud'homme, three 
good mathematicians, revifed the proof flieets, as did alfo the editor M, 
Jombert thrfee feveral times. M. Didot fenr. the printer formed the 

■ 

models of the types and founded them on purpofe, and the editor avers 
that, during the courfe of the impreffion, none of the figures came out 
of their place ; a precious advantage which he imputes to the jufthef^ 
of the principles that M. Didot has eflabliflied in his foundery. 

There is an additional improvement, which I am furprifed none of 
the editors of our common logarithms has thought of making. What 
I allude to is the uniting, to tht tables of the logarithms of the natural 
numbers and of the fines and cofines, the logarithms of their recipro- 
cals (their arithmetical complements*, as they are called). By this 
means, all the common operations by logarithms might be performed by 
addition only, without any trouble. The logarithms of the natural 

numbers might be difpofed on the left hand, and thofe of their recipro- 
cals on the right hand pages. The charadlerillics of the latter, being 
equal to the difference between i o and the number of integral figures in 
the natural numbers, would be as eafily found as thofe of the former. 
The logarithms of the reciprocals of the fines and cofines might, in each 
page, be put in the fame line with the logarithms of the fines and cofines,. 

having 

* The arithmetical complements of the logarithms were firft thought of by John Speedcll, who, in 
his nenv logarithms firft publifhed in 1 619, and fcyeral times afterwards, atoided the iACoayeiiienef' 
of the figns in Napiers logarithms by that contrivance. 



^ L I F E, W R I T I N G S, AND 

liaving their common differences between them, as the logarithms of the 
tangents and cotangents, which are reciprocals of each other, have 
theirs. It is very likely that the prefent edition of the I'abUs portativcs 
will foon be exhaufted. If, in a fecond edition, M. Jombert adopts the 
propofed amelioration, he will do an effential fervice to the commmii- 
ty. I. The computation might be accomplilhed, by a good arithmetici- 
an, in little more than [three hours labour every day for half a year. 
2. The type and length of the page being the fame, the book would be 
little more than a fourth part thicker, and would ftill be of a, convenient 
fize» 

In the month of May, 1784, there were publilhed propofals for 
publifhing, by fubfcription, A T'able of Logarithmic Jifies and tangents^ taken 
at fight to every fecond of the quadrant^ accurately computed to feven places off- 
gurcs befidcs the index : to which will be prefixed a table of the logarithms, of 
numbers from i to 1 00000, itifcribedy by permijiouy to the right honourable and 
honourable the CommiJ/ioners of the Board of Lofjgitude^ by Michael Taylor ^ one 
of the computers of the Nautical Ephemcris^ and author of a Sexageftmal Table ^ 
publi/hed by order of the Commiffioncrs of the Board of Longitude* The plan of 
this work was fubmittcd to the Board of Longitude, who came to a re- 
folution to give Mr Taylor a gratuity of three hundred pounds fterling 
towards defraying the expence of printing and publifhing it. This cir- 
cumftance ought t9 be a fufficient recommendation of Mr Taylor, and 
it is to be hoped, that his laborious and ufeful undertaking will meet 
with the encouragement and recompence from the pubhc which it fo 
jullly deferves. In the fi^ecimen annexed to the propofals, the degrees 
fceing as ufual at the top and bottom of the page, the feconds occupy 

the 



i 
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tte firft column : the minutes are difpofed along the tops and bottoms 
of the other columns : immediately below the minutes at top fland 
the chara(fleri(lics, and below them the three next common figures of 
the logarithms ; the other four figures filling the columns. It is to be 
regretted, that in improvement, fimilar to M* Callct's, has not been 
adopted in this work, the printing of which was begun before the date 
of the propofals. 

The tables of logarithms which, with thofe that have been men- 
tioned, are moft in eflimation, are thofe of the edition of Sherwin, 
which was corrected and publiflied by Gardiner in the fame year (1742) 
with his own tables— Thofe by Deparcieux *, and thofe of the fmall 
editions of Ulacq publifhed at Lyons in 1670, and 1760 f. 

The London edition of Gardiner, which has been defervedly efteemcd 
as containing the moft accurate fet of tables, is not entirely free from er- 
rors. There is, at the end of Dr Hutton's tables, a lift of about fifty er- 
rors in the logarithms of the natural numbers, fines and tangents ; twenty 
of which he himfelf difcovered in collating the proofs of his book with 
the like parts of Gardiner's ; all of thefe, however, that gentleman ob- 
ferves, are not in all the copies of this edition* In the Avignon edition 
of Gardiner (1770), the errors pointed out by Dr Hutton are above 
feventy. All the errors of the London edition are corre(fled in the 
tables portatives^ excepting that of the logarithm of the natural number* 
64445. 

Z BSFOJtS 
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Before concluding this fedlion, we fliall fay a few words of the lo- 
garithms called logiftic. The logiftic logarithm of a number of fe* 
conds is the excefs of the logarithm of 3600^' above the logarithm of 
that number of feconds. A table of thefe logarithms was firft given 
by Strut in his Ajlronomia Carolma publifhed in 1 66 1 *• A ilmilar one 
is given in feveral of the common logarithmic tables. 
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* Tab. porUtlvM. 
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THE USE OF THE LOGARITHMS. 



1 HE general ufe of the logarithms, as was before obferved, is to con- 
Tert every Ipecies of multiplication and divifion into addition and fub- 
tradUon, and to raife quantities to any given power, and to extra(Sl their 
roots by eafy multiplications and divifions. Examples of theie operati- 
ons, particularly in trigonometry, are prefixed to almoft all the moft con- 
tfidCTable tables of logarithms. We beg leave to refer the reader to 
<Jardiner, Callet, Sherwin, and Hutton, where he will fijad the theory, 
conflru6tion, and application of thefe numbers. 

The theory of the logarithms has put it in our power to iblve, witlx 
great eale, an equation in algebra, which before could not be fblved but 
with difficulty and tatonnement. In the equation a^ =:i, if ^ is the un- 
known quantity, its value is foimd by multiplying a by itfelf as often 
as there are units in x — i : Again, if ^ is the imknown quantity, its 
value may be found by extradling the ^th root of b* But if x is the 
imknown quantity, algebra, without the logarithms, can furnifh no di- 
re<5t rule for finding its value. This, however, is eafily accomplilhed 

by 
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by the afliftance of the logarithms. Let L denote the logarithm of the 
quantity to which it is prefixed. Now fince a''=^, it is evident that 

T K 
Lazr'^Lb: butLa'^zzxLa: therefore xLa=: Lb: therefore x=:-p — . 

La 

The Solution of Equations of the form a^=b is of great importance 
in political arithmetic. Suppofe that a quantity it firft ntj being in- 
creafed at the end of every equal portion of time by a quantity r, aug- 
ments at the rate r; and that it is found, at the end of a number x of 
thele portions of time, to be augmented to n ; the equation exprefling 

the relation of thefe quantities to each other is {i +rY=n + — . 

m+ — 

r " 

By the help of the logarithms, this formula, among otikcr purpofea^ 
ferves for finding with facility in what time a fum of money n might 
be paid oflp by finking at firft a ium m^ and at the end of evesry year 
another fum r, leaving their intereft r to accumulate. In what time, 
for example, might the national debt of Great Britain, 270 millions of 
pounds Sterling, be extinguifhed by finking one million every year and 
allowing its intereft, five per cent per annum, to accumulate ? The cal- 
culation is as follows.. 

0=270 000 000 /r-| — =290 000 000 Log, = 8 . 462398a 

r 

c 

w= I 000000 m'\ — = 21 000000 Log. =7. 3222193* 

r= I 000000 Log. / «4 — \ =1 • 1401787 



«i4 — 
r 



r= 
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r= 


5 

lOO 


I 
""20 


c ^ 

m 

r 


= 20 000 OOO 



i4.r=iH =— Log. 21 = 1 . 3222193 

' 20 20 

Log. 20— I . 301030Q 



Log. (i+r) =0.0211893 ' 

I . i4oi787 _ ii4oi787 

O.O2II893 211893 

Log. 11401787 = 7.0569729 
Log* 211893 = 5 . 3^61167' 

Log. x= 1 . 7308562, yi^53 . 809 

In lefs than fifty four years, therefore, the Britifh nation might get 
qxiit of their debt, if they could raife annually a million Sterling, over 
and above the amount of the intereft of that debt and the expences of 
government. 

The fainc equation imder the form 



ferves for cotnputing the number ft of inhabitants of a country which, 
having at fir ft m inhabitaiits, has received every year for x years a 
number c of foreigners, and has incteafed annually at the rate r. For 
example, fuppofe the number of the inhabitants of the United States of 
North America to be at prefent three millions, that they receive ten 
thoufand emigrants yearly, and that the population in that country in- 
creafes at the rate of one to twenty p6f annum j What will be the num- 

A a ber 
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ber of inhabitants of thofe States a hundred years hence ? The calcula- 
tion is as follows : 

iw=3o6oooo m^ — =3200000 Log. = 6. 5051500 

c= ioooo looLog. (i+r)=:Log.(i+r)^^=2. 1189300 

r—— Log. {rn^ — ) (i+r)^ =8 . 6240800 



c 

— = 200000 

r 



{m^ ) ( I +^)' =420800000 



c 

X zz 100 — = 200000 

r 



;i =420600000 



Hence it appears, that were the lands of the United States extenfivc 
enough, and were the fame circumftances, favourable to population as 
at prefent, to continue for one hundred years, the number of their in- 
habitants would amount to more than four hundred and twenty mil- 
lions, which is a good deal greater than twice the number of inhabi- 
tants computed to be in all Europe. 

The logarithms alfo, after the invention of fluxions, give rife to a 
fpecies of calculus called the exponentiak This calculus was invented 
by John Bernoulli and firft publifhed in the year 1697 *. It is found- 
ed on thefe two principles : i. The logarithm of the power of a quanti- 
ty is equal to the produdl of its exponent by the logarithm of its root, 
or ^La=La': 2. The fluxion of the logarithm of a quantity is pro- 
portional to the quotient of the fluxion of that quantity by that quan- 
tity 

• X)c Scric, Inim* Jacobi Bernoulli. 
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tity or La = — . The exponential calculus is neceffary for the invefliga- 

tion of curves, the exponents of whole abfcifles and ordinates, or their 
fan<5tions in the equations to thefe curves, are themfelves variable quan- 
tities, u^ V, js, &c. Exponential curves, fuch, for example, as have for 



z 



the value of their ordinates ;c*, x* , ^ , &c. are faid to be of the fir ft, 
fecond, third, &c. order. What are the fubtangents, curvatures, ar- 
eas, &c. of curves of this nature ? Let SMM', (Fig. XIL) be any curve, 
its abfcis CSP'=jc and ordinate P'M'=y and let there be another curve 
cfjt,fj(,' having the fame abfcifs with the former, and its ordinate FM^^ct = 
z=xy for example, Ictp'^V be an ordinate infinitely riear to p'f^' and 

# 

/Dt V perpendicular to it, and let /^' be a tangent at the point fj(,' : the 
fimilar triangles ryf/,' and ^V/ give rp' \p'yJ : : ^hv : »'/, therefore the 

zx * 

fubtangent rp':=i .-: but z=xy therefore Lz=Lx^=yLx therefore Lz 

z 

• « 

— ^"'~ . z • * yx • 

= yLx that is — = yLx-f-yLx = '^-t- yLx, and therefore rp' = 



z ' ' X 



• 



X X 

— 5 ; • Hence it is evident that the relation of x to y, tliat i^, 

yx + ^y Lx 

the Equation to the curve SMM' being given, the fluxion of y may be 

exprefled by fome fimdHon of x, and its fluxion may be obtained ; which 

.XX 

value of the fluxion of y being fubftituted in the fradion — 



y X -|- X y Lx 

and the fluxion of x expunged from its numerator and denominator, 
there will be obtained a finite expreflion of the fiibrangent rp' of the 

curve 
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curve c^,^I. For example, let the curve SMM' be the logarithmic : ^c 

• X X ■ 

have 7= Lx *: therefore y = — ; therefore r 'p' = — r— . From the 

' X -^ 2 Lx 

value of the fubtangent and frora the equation (z =:x^* to the curve tryi^i/J 

a great many of its properties are eafily deduced. The ordinate S(r at the 

fummit of the curve is equal to the abcifs CS : for y=Lx=o and z=x* 

:=iCS. The tangent at the point <r is parallel to the axis CSD : for Lx 



x" 



=0 and r^= — =Joo. The ordinate a is an afymptote to the curve 

a(?m : for x=:o and Lx= — oo and therefofe rp''^- ^=0. The tan- 

^ 200 

gent pafling through the point c meets the curve c^f^i^J at the extremity 

— X 

of the ordinate z=^x : for x=r^ — — =— ; therefore Lx=4« The tan- 
gents to the points M and ^o., where y=— t= and z=xV^, meet in the 




fame point r in the axis : For the Aibtangent of the logarithmic r is = 

X I 

xLx =7^=1-7= — ; therefore L*x=i and Lx=r--;?=!=* The curve crif^itl may 

be called the Numerico^Logarithmic : and if the equation were (Lx}*=z 
or y'^=:z there would be generated a curve which might be called the 
Logaritbrno^numertc 



The above fmall fpecimen may fuffice for giving an idea of the ufe 
of the exponential calculus. The reader will have obferved that we 
have made ufe of Napier's, or, as they have been called, the natural 
logarithms. It would have been an eafy affair to have made ufe of any 

other 

• Sec Appendix. 



< 
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other logarithms. It may here be obferved that the logarithmic itfelf, 
is an exponential curve of the firft degree or order : for the abfcifs x is 
of the form c^^ c being a conftant quantity greater than unity and ha- 
ving I for its logarithm* 

Those, who wifh to enter fully into this fubjedl, may confult the 
Works of John Berno\illi, and the Analyfe des Infinim^ns pcttts of the Mar- 
quis de THopital with M. Varignon's Eclair cijfements. 

Another ufe of the logarithms is to folve the problems of failing 
according to the true chart, independant of a table of meridional parts. 
It was firft publifhed, by Mr H. Bond, about the year 1645, ^^^^ '^^ 
meridian line was analogous to afcale of logarithmic tangents of half the com^ 
plements of the longitudes *. Nicolas Mercator feems to have been the firft 

to demonftrate this property of the meridional line* But he kept his 
demonftration fecret. James Gregory firft publifhed a demonftration 
of it in his Exercitationes Geometrica. Halley, afterwards, (about the 
year 1695) gave a much better one in the philofophical tranfac- 
tions. On this fubjedl the reader may confult Robertfon's Navigation, 
where he will find it treated in a plain manner and illuftrated with ex- 
amples. 

« 

The logarithms alfo exhibit the aflymptotic areas of the hyperbola f.. 

They are likewife of great fervice for the fummation of infinite fe- 
ricfes in the calculus of fluent?. This is true particularly of Napier's 

B b logarithms* 

♦ Phil Trans. NO219. f Sc« Sefl. vi. and Appendix* 



n 
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logarithms. The fum, for example, of about feven hundred milliottt 
qf terms of the infinite feries i — ^i+f — ^4-, &c. ii equal to 0.69314 
718, Napier's logarithm of the number 2. 



SECTION 



SECTION VIII. 



Napier's improvem"ents in the theory of trigonometry. 



W' E obferved before that the Arabs, fetting afide the chords of the 
double arcs, which rendered Trigonometry very complicated among 
the ancients, made ufe of the halves of thefe chords to which they gave 
the name of the Sinus. To that ingenious people we owe alfo the three 
theorems which are the foundation of our modern fpherical trigonome- 
try. By thefe theorems all the cafes of rectangular fpherical triangles 
and all the cafes of oblique fpherical triangles may be refolved, except- 
ing when the three fides, or the three angles only, are the data. It was 
Regiomontanus who firfl invented two theorems for the folution of 
thefe two cafes : by which means the theory of trigonometry was per- 
feifled. One of thefe theorems which ferves for finding an angle from 
the three fides is, T'be re&angle under the fines of the two fides of any fpheri- 
cal triangle is to the fquare of the radius ; as the difference of the verfedfnes 
of the bafe and the difference of the two fides is to the verfedfne of the vertical 
angle. The other theorem, of itfelf, is not fufficient for the purpofe of 
findiog a fide from the three angles. 

This 
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This laft cafe, however, may be refolved into the former by means of 
the fupplemental triangle, fo called becaufe its fides are the fupplcments 
of the angles of the other. This invention is due to Bartholomus Pi- 
tifcus *, who flourifhed in the beginning of the feventeenth century. 

The improvements made by Napier on this fubjecSl are chiefly 
three, i. The general rule for the folution of all the cafes of recflangu- 
lar fpherical triangles, and of all the cafes of oblique fpherical triangles, 
excepting the two formerly mentioned. 2. A fundamental theorem by 
which the fegments of the bafe, formed by a perpendicular drawn from 
the vertical angle, may be found, the three fides being given. This, 
with the foregoing and the property of the fupplemental triangle, ferves 
for the folution. of all the cafes of fpherical triangles. 3. Two propor- 
tions for finding by one operation both the extremes, the three middle 
of five contiguous parts of a fpherical triangle being given. 

These theorems are announced by Napier in terms to the following 
import : 

I . Of the circular parts of a redlangular or quadrantal fpherical tri- 
angle. The re^ angle under the radius and the fine of the middle part is equal 
to the re£l angle under the tangents of the adjacent parts and to the reS angle un^ 
der the coftnes of the oppoftte parts. The right angle or quadrant fide be- 
ing neglecfled, the two fides and the complements of the other three 

natural parts are called the circular parts ; as they follow each other as 

It 

• Pitifco aliquid tribuo in /uiriOioi? arcuum in angulos, ct viciflGm, Kep. Epift. 293. 
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it were in a circular order. Of thefe any one being fixed upon as the 
middle part, thofe next to it are the adjacent, and thofe fartheft from 
it, the oppofite parts. 

2. The rcS angle under the tangents of half the fum and half the difference 
^ the fegments formed at the bafe by a perpendicular drawn to it from the 
vertical angle of any fpberical triangle^ is equal to the reEt angle under the tan^ 
gents of half the fum and half the difference of the twofdes. 

3. Tthe fines of half the fum and half the difference of the angles at the bafe 
<f any fpberical triangle are proportional to the tangents of the half bafe and 
half the difference of the fides. 

4* T^he cojines of half the fum and half the difference of the angles of the 
bafe of any fpberical triangle^ are proportional to the tangents of half the bafe 
and half the fum oftbefides^ 

Napier gives alfo the two following theorems for finding an angle^ 
the three fides of any fpherical triangle being given, 

5. The rcBangle under the fines of the twofdes is to the reSangle under 
the fines of half the fum and half the difference of the bafe and the difference of 
the two fides ^ as thefquare of the radius is to the fquare of the fine of half the 
-vertical angle. 

6. Hbe reBangle under thejines of the two fides is to the redtangle under 
the fines of half the fum and half difference of the fum of the two fides and the 
hqfe^ as thefquare of the radius is to thefquare of the cofine of the vertical angle. 

C c For 
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For the demohftration of the various cafes of the firft of thefe fis 
propofitions, he refers to the elementary books on trigonometry then 
in ufe. This propofition is not fo fufceptible of a diredl demonftration. 
The demonftration perhaps the neareft to a direcfl one is given in the 
appendix ; of which demonftration th^ hint is taken from Napier. 

His demonftration of the fecond propofition is extremely elegant and 
of an uncommon caft. The reader on thefe accounts, it is prefumed,, 
will be very glad toffee the fubftance of it ; which is as follows : 

Let a plane MN (Fig, XIIL) touch the fphere ADP at the point A, 
the extremity of its diameter PA. Upon the furface of the fphere let 
there be defcribed the triangle AXy acute in 7, or AxC obtufe in C 
Let the fine Ax and the bafe Ay or Ai? be produced to the point P.. 
With the pole X and diftance Xy or its equal xf let the fmall circle of 
the fphere Qyzi interfedling xP in t and XA in <r be defcribed : and 
from X let the arc X^c be drawn perpendicular to ACy. Ay is the fum 
of the fegments of the bafe and A? their difference. As is the fum of 
the fides and Ar their difference. Let there be fuppofed a luminous 
point in P : The fliadows, A, b, and c, of the points A, S and y, upon 
the plane MN, are in the fame ftraight line, becaufe the points A, Qy 
y and P are in the fame circular plane : alfo the fliadow A, d and e, of 
A, ^ and «, upon the plane MN, are in the fame ftraight line, becaufe 
A, /^ 6 and P are in the fame circular plane. Since PA is perpendicular 
to the plane MN, the plane triangles PAc, PAb, PAe and PAd are reifl- 
angular in A : therefore, to the radius PA, the ftraight lines Ac, Ab, 
Ae and Ad, arc the tangents of the angles APc or APy, APb or AP€, 

APe 
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APe or Apg and APd or AP/ refpedtively. But thefe angles, being at the 
circumference of the Iphere, have for their meafures the halves of the 
arcs intercepted by thdir fides : therefore Ac, Ab, Ae and Ad are the tan- 
gents of the halves of Ay, AS, A& and Ar refpedlively. Now (by optics) 
the fhadow of any circle, defcribed on the furface of the fphere, pro- 
duced by rays from a Imninous point fituated in any point of that fur- 
face excepting the circumference of the circle, forms a circle on the 
plane perpendicular to the diameter at whofe extremity tlie luminous 
point is placed : therefore the points c, b, e and d are in the circumfe- 
rence of a circle : therefore Ac X Ab=Ae X Ad. C^E. D. 

The third and fourth proppfitions are not demonftrated by Napier. 
He probably deduced them from the fecond in a manner fimilar to 
that in the appendix ; where the reader will find all of thefe and fome 
other theorems of the fame kind, demonftrated. Napier had left the 
third propofition under a clumfy form. It was put into the form above 
given by Briggs in his Lucubrationes annexed to the Canonts Mirifici Con^ 
firuElio. This circumftance is not the fole mark of this work being a 
pofthumous publication. 

The fifth propofition is deduced by Napier from- the theorem of Re- 
giomontanus, and it is likely he derived the fixth from the fame fource. 
To theie two theorems the logarithms are much more applicable than 
to that of Regiomontanus. 

Since Napier's time the chief improvement made in the theory of 
trigonometry is the^ application of the calculus of fluxions to it ; for 

which we a«e indebted to Cotes. 

M. 
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M. Ping RE, in the Memoir cs dc matbematlqut et de phyjtque for the year 
1756, reduces the folution of all the cafes of fpherical triangles to four 
analogies. Thefe four analogies are in fa<fl, under another form, Napi- 
er's Rule of the circular parts and his fecond or fundamental theorem, 
with its application to the fupplemental triangle. Although it would 
be no diflScult matter to get by heart the four analogies of M. Pingre, 
yet there are few bleffed with a memory capable of retaining them for 
any confiderable time. For this reafon, the rule for the circular parts, 
ouglu: to be kept under its prefent form. If the reader attends to the 
circumftance of the fecond letters of the words tangents and cojines being 
the fame with the firft of the words adjacent and oppofite^ he will find 
it almoft impollible to forget the rule.. And the rule for the folution 
of the two cafes of ipherical triangles, for which the former of itfclf is 
infufficient, may be thus exprefled : Of the circular parts of an oblique 
fpherical triangle^ the re £i angle under the tangents of half the fum and half the 
difference of the fegments at the middle part (formed by a perpendi- 
cular drawn from an angle to the oppofite fide), is equal to the rectangle 
under the tangents of half the fum and half the difference of the oppofite parts. 
By the circular parts of an oblique fpherical triangle are meant its three 
fides and x\i(t fupplements of its three angles. Any of thefe fix being af- 
fumed as a middle part, the oppofite parts are thofe two of the fame 
denomination with it, that is, if the middle part is one of the fides, the 
oppofite parts are the other two, and, if the middle part is the fupplement 
of one of the angles, the oppofite parts are the fupplement of the other 
two. Since every plane triangle may be confidered as defcribed on the 
furface of a fphere of an infinite radius, thefe two rules may be appUed 
to plane triangles, provided the middle part be re{lri(5led to ^ftde. 

Thus 
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203 



Thus it appears that two fimple rules fuffice for the folution of all 
the poffible cafes of plane and fpherical triangles. Thefe rules, from 
their neatnefs and the manner in which they are exprelFed, cannot fail 
x)f engraving themfelves deeply on the memory of every one who is a 
little verfed in trigonometry. It is a circumftanqe worthy of notice 
that a perfon of a very weak memory may carry the whole art of tri- 
gonometry in his head. 
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ANALYTICAL THEORY OF THE LOGARITHMS, 



I. Let the conlecutive terftis of an infinite geometrical progreflion 
difier infinitely little one from another ; it is evident that, any deter- 
mined quantity c greater than unity being the bafis of the progrcfTion, 
there will be ibme term r*=« any given quantity. 



1. The exponents of the terms of that progreflion are faid to be the 
logarithms of thofe terms : Thus the fymbol L denoting the logarithm 
of the quantity to which it is prefixed, Lr*^*=:db;c« Hence if c'^'^^m ; 



then Lnr=x and L— 



•Lw7« 



THEOREM t. 



3. 7 he logarithm of a produEl is equal to the fmn ef the locrariibms rf hs 
factors. For fince Lr*= at and Lc''=rz (2), it follows that Lr^'+Lr- ---;; 
+js; but ;c + 5s=:Lr'+'' (2) =Lc''Xr: therefore L^'' Xt'^-Lc'-J-Ll", 
Hence if c^=^m and c^^^n (i) ; then Lmn=l4m-\-Ln and L^^^L;;; — Ln. 



TnEOR::M. 



[ 
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THEOREM II, 

4. The logarithm of a power is equal to the produEl of its exponent By 
the logarithm of its root. For, fiace Lr'^i^jc, it follows that nljC^=nx ; but 
nx=: £^"'(2), therefore Lc^'^^nLc'. Hence if ^=;7z, then Lm''=nLm. 

PROBLEM I. 

5. 7(? exhibit the logarithm of a given number • Since c°=i, if ^/ is an 
infinitely fmall quantity and yu any finite quantity, it is evident that 
c^z=L\ -f i. Now \.c^=d (2), therefore d=L{ i +i), therefore id=sL{ i + 

^)=L(i+;y (4). Let (i+iy=i+/z; we have /,/=/^(i+^)t— //c: 
therefore, developing the furd quantity (i+-)t, making / =1:00, and re- 

It 

ducing 

L(i+^)=^(<7--4+f-&c) .- X 

Hence, if a is i;iegative, 

L(i— ^)=— M'^+^+f+Scc) Y 

Hence, by Tubtradiug Y from X 

* 

6. The above formulae are of no ufe for the calculation of the loga- 
rithms if a is fuppofed an integer. Let therefore m arid n be any 
pofitive numbers, ;w^ being greater than //; and 

• *. 

I mo. Let a=^^\ then i+a=i:i±i-, i — g — "*-" and >+"—"+'' and 

the formulae X, Y, and Z become, by fubftitution. A, B, and G. 

L 



Ik 
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L(J==2-)=L(«-«)--L«»=>-M^+,^+3£+&c)- - - B 
L(^)=L(«.+«)~.L(;«-«)=2M-^+3S,+,-S.+M - - C 

ado. Let a — * ; then i — a — ^ . and the formula Y becomes D 
L(-^)=Lm— L(« + «)=— M-i — ,-nnr^+-^^-r3+&c) D 

7tio. Let ^^=—5— ; then i — ^^=-4— * and the formula Y becomes E 
L(-i-) = Ln—L(m + «) =— «,(-^ + -7^, + -7-^, + &c) - E 

4/e?. Let a= — \—i then -lii.=z^^i±^, and the formula Z becomes F 
L-=±2- = L(ot + n)—Lm = a/^C^^ + rTr-^^vs + ,. "i ,, + &c) F 

cto. Let a=-~; then vjl!=;r^, and the formula Z becomes G 

Vi»i — «/ V / r^vaw — M • 3(a/« — ny • 5(a»f — «)* ' -^^^y ^^ 

6/(>. Let a—^ : theni±^='" and the formula Z becomes H 

' nmo. Let -^ be fubftituted for - in the formula B : let this new formu* 

la be divided by ^ ; and Let L(;w* — n^ or L(w4-;/)4-L)/» — nzzcr and 

L(,w+//)L(;z2=: — ^//) i : then fliall 

357 9 

— — — ^ I. 






REMARKS. 

7. Of three quantities ;» — n^ m and ^+/^, in arithmetical progreflion, 
the logarithm of the fecond, being given the logarithms of the other 
two may be found by one operation, if the odd and even powers of 
-£- in the feriefes A and B are calculated apart. 

E e . 8- 
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8. If n is fuppofed equal to unity, and if fji, (the modulus of the 
fyftem of logarithms to be afterwards determined), conlifts of a great 
number of figures, it will be much more convenient, in calculating by 
the feriefes A, B, C, D, F, and G, to confider ^ as the numerator of each 
term than as the multiplier of the fum of the terms* 

9. The firft ftep ^^~ of the feries F will give the logarithms of all 

numbers greater than 20000 true to fifteen places, if thofe of all num« 
bers lefs than 20000 are given, and if 2jx» does not exceed a few imits. 



10. The firft ftep i^— of the feries i v^ill give the logarithms of 

all numbers greater than loooo true to nineteen places, if thofe of all 
numbers lefs than loooo are given, and iin does not exceed a few units. 

The reader will eafily fee that the logarithm of all numbers below 
m being known, that of 2I±! and confequently that of m^n and there* 

fore r as well as / will be known. 

1 1. Various methods might be taken to compute with eafe the lo- 
garithms of the lower prime numbers. The logarithms, for example^ 
of about two thirds of the primes under 1 00 may be obtained with lit- 
tle trouble from a table of the continual halfs of the modulus, n being 
::;: i. The infpedlion of the following table will make this evident. 

giveit 
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JSD^ 



glYCQ I fought 



tht logar of. 



m 



m+i 



I I 






1 2 

2 3 
2 and 3 5 

2 and 3 7 

2,3 and 5 17 

2 and 3 II 

2 31 

2,3,5 and 7 '3 

2an43 43 

2,3,5 and 7 '9 

2>3>5andi3 41 

2,3 and 5 79 

2,5 and 7 23 

2,3 and 5 53 I 

2,5 and II 20 I 

2,3 and 5 71 I 

2,3,5 and 7 ^i I 



2 
2 



2 Xio 

2*XlO 

2' XIO 

2* XIO 

2*XlO 

2^X10 
2^x10 

2' XIO 



3 
5 
3^ 
17 
3X11 

5X13 
3X43 



3x7 

41 

3* 
7X23 



3X7X61 



3 

7 

3X5 

3*X7 



^9 

3X13 

79 

3x53 
11x29 

3*X7i 
I 



B 

A 

C 

C 

C 

A 

B 

C 

A 



C 

C 

C 

A 

B 

B 

B 

A 



\2. The value of L(i + 2) was firfl given by Nicolas Mercator, who 

* 

deduced it from a property of the equilateral hyperbola*. The feries 
c was firfl demonflrated by James Gregory f. A feries foihe what lefs 
general than / was produced by John Keill in his treatife ^fe Natura and 
aritbmetica logaritbmorum : but I think I have fome where feen it attri- 
buted to Newton. Some of the other formulae I believe are new. 



PROBLEM II. 



13. 71? exhibit the modulus ofafji/lem of logarithms. Tliis is efFecSled by 
fubflituting c for »/, and i for n^ in the equation H. Its value is as 
follows : 



^= 



^(5i)+T(5i)^+^(S) +&C, 



HZMARKSr 



^ Ix^garithmotechtua. f £xer. Geom, 



//<r 
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I4< In our common fyftem of logarithms, c is equal to i o ; which gives 
the following values of yu and its reciprocal to thirty decimal places. 
/x= 0.4342 9 44819 03251 82765 11289 18917 
i 1=2-30258 50929 94045 68401 69914 54684 



15. The modulus of Napier's fyftem is unity: for he fuppofed the 
logarithm of a number differing from unity by a very fmall quantity d 

m 

to be equal to the fum or difference of i and J: Hence if ^L denote the 
common, or Brigg's, logarithm, and 'L, Napier's logarithm of the fame 
number; then 

^L = (o.43429 8cc) *L; and 'L=:(2.30258 &c) ^L 

PROBLEM. III. 

1 6. 7*0 exhibit the 7iumher of a given hgarithm. We have feen that d be- 
ing zz JL and [^ a finite quantity, that r^ = i +-, (5) : we have 

X 

therefore r*=(i +~)^, and confequently 

f*=I+l+-iL. + — !±^ + &c * 

and if X is negative, 

r-'=i— .i + -i!-, ^ + &c ^ 

At ■ 1.2/** I.».3/U.«' ' 

Hence, by dividing O by "*", 

^•^ — - — ^ .••--.--*fl 



2 y3 






17. If ;c is greater than //. the above feriefes converge fo flowly that 
that they are of no ufe for finding the number correfponding to a gi- 
ven 
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given logarithm. Let therefore w and » be two numbers diflfering little 
from each other, m being greater than «, and 

into. Let*=:L(i2.)=LOT— L»=:'. Thenc'=^ and f— '=-1 and the 
equations ^ and ""F give 

m=zn{i'\'i+lhr^-^-!.b+ &c) . - - - M 

»='"(»-ir+ri&-rT.5&+ &c) - - - . n 

ido. Let x=L (^)4_^l(t-)=4L«— 4L«=i^ : thenc"=^ and the e- 
quation H gives 

«»=»i 7i:j_ . _£L_ — £L_+ &cy ' ^ 

1 8. More generally, let there be any number a of numbers m'^m" 

Tot'" Vwi"" V V'»''' which, taken confecutively, differ little from each 

other: and let L»i«^'— L/»'^'l=*l^'l and i'i-(„—2yp^{j:=2^k!=2},"'f 

' ±x''= a'^' (the quantities j^l, |^ — 1|, W, /i — 1| &c. inclofcd in lines ^ ex- 
preffing fimply fome terms of the feries i, 2, 3, 4, 5 Sec) : we have 

«' \'* */m" ^ I.» w'" ~ |»_T| ::!/*+ i.a^»T^ 3[.a.3^3T '^v \^ 

HEMARES. 

19. If the logarithms of the firft 20000 natUml numbers are given, 
the two firft fteps of the feries ^('+ ; t-vC>) of the feries M, or /?('"• -J- 

+-r^) of the feries N, or the firft ftep n (1^) of the feries P, will give 
the number mov n true to about the fourteenth decimal place* 

F f ao^ 



€' 
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2 o. The feriefcs M and N were firft given by Halley, in the Philofo- 
phical tranfacflions for the year 1695. He exhibited alfo a feries the 
fame with P, but under an inelegant form ; probably owing to his bar- 
ing deduced it from the acflual divifion of M by N. 

PROBLEM IV. 

21. 7i? exhibit the number whofe logarithm is equal to the modulus. Thii 
is efFe(5led by the fubftitution of yu for x in the formula ^. It's value 
is as follows 

/ —1+—+—+-^+ &<^ 
or taking the fum of thirty fradlional terms 

^^ = 2.71828 18284 59045 12>SI^ 02874 71353 
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^ TABLE OF NAPIER^s LOGARITHMS, 



or ALL THE NATURAL NUMBERS FROM I tO lOI tO TWENTY 

SEVEN PLACESi 



Num. I 



Logarithms. 



I 

2 

3 

4 
5 

6 

7 
8 

9 
lo 



II 

12 

'5 



i6 

17 
i8 

•9 

20 



o • ooooo . ooooo • coooo . ooooo .ooooo . o 
©•693i4.7i8o5.59945.3C94i.7232i.i 
1.09861.22886.68109.69139.52452.4 
1.38629.4361 1. 19890.61 883.44642.4 
1.60943.79124.34100.37460.07593.3 

1.79175.94692. 28o\f5.ooc8i. 2477 .6 

1.94591.01490.55313.30510.53527.4 

2.07944.154 6, 79835.92825. 16963.6 

2.19722.45773.36219.38279.04904.8 

2. 30258. 50929. 94045. 6840 1. 799 14. 6 



2.39789.5^727. 9^370-5440^- I9435-S 
2. 48490. <". 649 7. h8oco.3io22.«^7094.8 

2.56494.93574.61536.7^605.^^74.4 
2.6^905. 7329?). i 5 25 8. 6 1 452. 2 5 848. (^ 

2.70805.0201 1 . 02210. 0''5*;r;. '.0045. 7 



2.77258.8-222. 39781.2^37' 6.> yzS/ .9 

2.83321.33440. 562 16. 0^024. 95 VfC. 2 

2.89037. 1 '578. 961^4. ''9J20. 77226.0 
2.94443.8(^791 . 66440. 4^)000. 9C2 74. 3 

-2.99575.22735.53090. 9343-5^235.8 
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21 
22 

23 
24 
25 



26 

27 
28 

29 
30 



3' 

32 

33 
34 
35 



3^ 

37 
^8 

39 

JO 



3.04452.24377.23422.99650.05979.8 

^09104.24533. 583 15. 85, 47. «y I 757.0 
3. 1354.;. 12X59. 29149.69080.67528.3 
3. I 7805. 383^.3. 47945.61964.69416.0 
3.21887.58248. 682CO.7492O.I5186.7 



3. 25809. 6 .-380. 2 1 482. 04547. 01 795. 6 

3.29583.68660.04329.07418.57357. I 

3.33220.45101. 75203. 92393. 98169. s 

3.36729.58299.86474.02718.32720.3 
3. 401 19. 738 16. 62155.37541.32366.9 



3-4339^*72044. 85146 •24S92-91643-3 
3-4^75-59027.99726.54708.61606.1 

3.49650.75614. 664S0. 23545. 7 1888.1 

3.52636.05246. 16161. 38966.67667.4 

3.55534.80614. 89413. 67970.61 120. ft 



3.58351.89384.56110.00162.49547.2 
3 . 6 1 09 c . 79 1 26. 44224 .44436. 80956. 7 
3.63758.61597.26385.76942.62595.5 
3.66356. 16461 . 29646.42744.87326.8 
3.68887.94541. i393<^>. 30^85. 24557.0 
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Num. 



4' 
42 
43 
44 
45 



46 

47 
48 

49 
50 



5« 
5» 

53 
54 
55 



56 

57 
58 

59 
60 



61 
62 

63 
64 

65 



66 

67 
68 
69 

70 



Logarithms. 



3.71357.20667.04307.80386,67633.7 
3.73766.96182.83368.30591.783(31.0 
3. 76 1 20. 01456.93 5 62. 423 47. 28425. 2 
3.78418.96339. 1 826 1 .16289.64078.2 
3.80666. 24897. 703 19.75739. 1 2498. 1 




3,82864.13964. 89095.00022.39849.5 

3.85014.76017. 10058.58682.09506.7 
3.87120.10109.07890.92906.41737.2 

3.89182.02981.10626.61021.07054. 8 

3.91202.30054. 28 146. 0586 1. 87507. 9 



3. 93 182. 56327. 24325. 77 164. 47798. 6 
3.95124.57185. 8 1427-35488.79516.9 
3.97029.19135.52121.83414.44691.4 
3.98898.40465. 64274.3836(^29678.3 
4«oo733. 3 1 852. 3 2470. 9 1866. 27029, 1 



4-0253^.16907. 35149. 23335.70491. I 
4.04305.12678.34550.15140.42726.7 
4.06044.30105. 46419.33660.05041 .6 
4-o7753-74439-057»9-450<5i.6o503.8 
4.09434.45622. 22100. 68483. 046S8. 1 



4.11087.3S641. 733 11. 24875. 1 389 1. 1 

4. 12713.4^850. 45091. 55, -34-<^'39'H. 5 
4. 14313.47263. 91532.68789.58432.2 

4.15888.3083^.59671.85650.33927.3 

4. 17438.72698. 95637. 1 1065.42467.8 



4.18965.47420. 26425.54487.44209.4 
4 . 20469 .26193. 90966 . 05967 , 007 20 . o 
4.21950.77051. 76106.69908.^9988.6 
4.23410.65045. 97259.38220. 19980.7 
4.24849.52420.49358.98912.33442.0 



71 I 4-26267.9877o.4i3f5.4ai32.94545.3 
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Logarithms. 



76 

77 
78 

79 

80 



4. 27666.6 II 90, 16055.31 104. 2 1 868. 4 
4.29045.9441 1 .48391. 12909. 21088. 6 
4.30406.50932.04169.75378.53278.0 
4.31748.81 135. 36310.44059.67639. I 

4-33073-33402.86331.07884.34916.8 
4-3438^.54218.53683.84916.72963.2 
4.35670.H8266. 89591 . 73686.59648.0 
4-3'^944-75524. 67021.49417.29455.4 
4.38202.66346.73881.61226.96878.2 




4-39444-9'546. 
4.40671.92472. 
4.41H84.06077. 
4.43081.67988. 
4.44265.12564. 



72438.76558 
64253.11328 
96597.92347 

4^S'3-6i5:^3 
90316.45485 



.09809.5 
.39955-0 

-54722.3 
.50622.2 

.02939.5 



4.45434.72962. 
4.46590.81 186. 

4-47733-68144- 
4.48863.63697. 

4.49980.96703. 



53507-732^9 
54583.7^857 

78206.47231 

32139.83831 

30265.06680 



.00746.4 
.85172.7 

-36399-4 
.78155.4 

.84819.3 



4.51085.95065. 
4.52178.85770. 

4.53259.9493^. 
4.54329.A7822. 

4.55387.68916. 



16850.041 15.88401 .9 
49040. 30964. 1 2 1 70 . 7 

53255. 5^373*. 44095. 6 
70003.89623.81827.9 

00540.83460.97867.7 




4.56434.8i9'4. 

4.57^7«. 09785. 
4.58496.74786. 

4.595 1 1. 98501. 

4.6051-7.01859. 



67836.83848.14058.4 
03382.82211.67216.1 
70571. 91962. 79376. I 
34589.92685.24340.5 
88091.36803.59829.1 



101 I 4«6i5i2. 05168. 41259.45088.41982.7 
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III. 



TRIGONOMETRICAL THEOREMS. 



(i) Lemma i. The produdl of the radius by the difference of the 
verfed fines of two arcs is equal to twice the produdl of die fines of 
half the fum and half the difference of thofe arcs. 
R (fin V, ^— fin V, ^) = 2 fin^-±i x fin^. 

(2) Corollary. The produdl of the radius by the verfed fine of aa 
* arc is equal to twice the fquare of the fine of half that arc. 

R fin V, ^ = 2 fin*^. 

(3) Lem. 2. The fum of the cofines of two arcs is to their difference 
as the cotangent of half the fum of thofe arcs is to the tangent of half 
their difference. 

Cof ^+cof ^ : cof ^ — cof ^ : : cot ?±2 : tang ^. 

(4) Lem. 3. The fum of the fines of two arcs is to their difference as 
the tangent of half the fum of thofe arcs is to the tangent of half their 
their difference. 

Sin ^ + fin 3 : fin a — fin I : : tang ^ : tang '^. 

{5) Lem.. 4, The fum of the cotangents of two arcs is to their diffe- 
rence as the fine of the fum of thofe arcs is to the fine of their differenc e 
Cot a + cot i : cot a— cot b : : fin(^-|-^) : fin (^~t?) • 



Gg 
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(6) Lem, 5. The produdl of the fine of the fum of two arcs and the 
tangent of half that fum, is to the produdl of the line of their difference 
and the tangent of half that difference, as the fquare of the fine of half 

- their fum is to the fquare of the fine of half their difference. 

Sin {a+b) X tang ^ : fin (^-^) X tang i+t : : fin* '4- : fin* ^*. 

(7) Lem. 6. The produdl of the fine of the fum of two arcs and the 
tangent of half their difference^ is to the produdl of the fine of their dif- 
ference and the tangent of half their fum, as the fquare of the cofine of 
half their fum is to the fquare of the cofine of half their difference. 

Sin {a+b) X tang ^ : fin {a—b) X tang 2±i : : coP "sH : cof * ?^^ 

(8) Lem. 7. In right angled fpherical triangles the cofine of the hy- 
pothenufe is to the cotangent of one of the oblique angles as the cotan- 
gent of the other is to the radius.^ 

(9) Lem. 8. In right angled fpherical triangles the cofine of the hy* 
pothenufe is to the cofine of one of the fides as the cofine of the other 
is to the radius. 

(10) Lem. 9.. In any fpherical triangle the produdl of the fines of 
the two fides is to the fquare of the radius as the difference of the ver- 
fed fines of the bafe and the difference of the two fides is to the verfed 
fine of the vertical angle, Fig. XIV. 

Sin ABx fin BC : R*: : fin V, AC— fm V, (AB— BC) : fin V, B K 

(11) Lem. I o. In any fpherical triangle the produdl of the fines of 
the two fides is to the fquare of the radius, as the difference of the ver-' 
fed fines of the fum of the two fides and the bafe is to the verfed fine 
of the fupplement of the vertical angle, Fig. XIV. 

Sin ABx finBC:R*::finV,(AB + BC)— finV,AC:finV,fup.B. 

* Thii is one of Rcgiomontanus' propofitions. 
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(12) The natural parts of a triangle are its thxee fides and its three 
angles. 

(13) The circular parts of a redlangular (or quadrantal) fpherical tri- 
angle are the two natural parts adjoining to the right angle (or qua- 
drant fide) and the complements of the other three. 

(14) Any one of thefe five being confidered as a middle part, the 
two next to it are called the adjacent parts^ and the other two the op- 
pofite .parts : Thus, in the triangle dAB (Fig. XV.) redlangular in A, 
if the complement of the angle d is taken as a middle part, the adjacent 
parts are the fide J A and the complement of the hypothenufe d5 ; and 
the oppofite parts the fide^ b A and the complement of the angle d. 

(15) Of five great circles of the fphere AB, BC, CD, DE, and EA 
(Fig. XV,) let the fir ft interfeiSl the fecond ; the fecond, the third ; the 
third, the fourth ; the fourth, the fifth ; and the fifth, the firft ; at right 
angles in the points B, C, D, E and A : there are formed, by the inter- 
fedions mentioned and by thofe at the refpedive poles ^, ^, r, d and e 
of thefe great circles, five redlangular triangles dAb^ ^D^, ^Br, cEa and 
aCd : and, if thefe poles are joined by the quadrantal arcs ^, ic^ cd^ de 
and M, there are formed five quadrantal triangles adb^ dbe^ bec^ eca^ and 
cad. The circular parts in all thefe triangles are the fame : the pojition 
of thefe equal circular parts with refped to one another in each of thefe 
triangles is diflferent : therefore 

(16) What is true of the circular parts of a redlangular triangle is 
true of thofe of a quadrantal; and what is true of one middle part and 
its adjacent and oppofite parts is true of the other four middle parts and 
their adjacent and oppofite parts.. 

(17} 
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(17) The circular parts of an oblique fpherical triangle are its three 
fides and xh^ fuppkments of its three angles. 

(18) Any one of thefe fix being confidered as a middle part, the two 
next to it may be called the adjacent parts ; the one facing it, the re- 
mote part ; and the other two, the oppofite parts : Thus, in the triangle 
ABC (Fig* XIV.), if the fide AC is taken as a middle part, the adjacent 
parts are the fupplements of the angles A and C ; the oppofite parts, 
the fides AB and BC, and the remote part, the fupplement of the angle B. 

(19) Of fix great circles of the fphere let the firft three, AB, BC, and 
CA, interfedl each other at the poles, B, C and A, of the fecond three, 
cay ab and be : the interfedlions, r, a and ^, of the latter are the poles of 
the former : there are formed two triangles ABC and abc in which the 
circular parts are the fame ; the pofition of thefe equal circular parts is 
different in both : therefore 

(20) What is true of one middle part and its adjacent, oppofite, and 
remote parts, is ti'ue of any other middle part and its adjacent, oppofite, 
and remote pares. 

(21) If an arc ^BD^ pafs through the vertices of thefe two triangles, 
it will be perpendicular to their bafes CDA and cda^ and the fegments 
at the bafe of the one triangle will be the complements of the fegments 
at the vertical angle of the other: that is, CE)=:9o^ — dba^ AD = 90^ — 
dbcy rz/=9o^— ABD, ^^=90^— DBC. 

(22) If the radius of the fphere is fuppofed infinite, the fines and tan- 
gents of the fides of a triangle defcribed on its furface, become the fides 
themfelves of a plane triangle. Confequently all the formulae of fpheri- 
cal trigonometry, where the fines and tangents only of the fides enter, 
axe applicable to plane trigonometry. Thofe, however, in which any 

fundions 
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fundions of all the three angles and only one fine or tangent of one 

fide enter, mufl be excepted. 

(23) Of the circular parts we fliall denote the middle one by M, the 
adjacent ones by A and a^ and the oppofite ones by O and 0. If the tri- 
angle is oblique, the remote part we fliall call m^ and the fegments at 
a fide or angle (21) 5 and /. 

(24) Theorem i. Of the circular parts (13) of a re(5langular (or quad- 
rantal) fpherical triangle, the produdl of the radius and the fine of the 
middle part, the prodadl of the tangents of the adjacent parts and the 
product of the cofines of the oppofite parts, are equaL 

Demonftration. In the right angled fpherical triangle dNb (Fig. XV.) 
we have cof hd : cot. hbd : : cot hdb : R (8), and cof M : cof hb : : cof A^: 
R (9) ; therefore R X cof ^^/= cot hbdy, cot A^i^=cof A^x cof A^/ j there- 
fore (16) 

R X fin Miztang Axtang tf=cof Oxcof (?• 

(25) Corollary i. In any fpherical triangle, the fines of the fides are 
proportional to the fines of the oppofite angles. For, in the right angled 
triangles ADB and CDB (Fig. XIII.), Rxfin BD=fin ABxfin A, and 
Rxfin BD=fin BCxfin C; therefore fin AS: fin BC :: fm C: fin A 

(26) Cor. 2. In any fjpherical triangle, the fines of the fegments of 
one of its fides (produced if neceflary) are proportional to the cotangents 
of the angles at the extremities of that fide. For, in the right angled 
triangles ADB and CDB, R x fin AD = cot Ax tang BD and R x fin DC 
=cot C X tang BD ; therefore fin AD : fin DC : : cot A : cot G 

' (27) Cor. 3. In any fpherical triangle, the cofines of any two fides 
are proportional to the cofines of the fegments of the third fide. For, 
in the right angled triangles ADB and CDB, Rx cof AB=cof ADx cof 

H h DB, 
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DB, and Rx cof BC=cof CDx cof DB ; therefore cof AB : cof BC r: 

■ 

cof AD: cof DC 

(28) Remark i. This theorem iervesfor the folutionof all pofUble 
cafes of redlanglar or quadrantal fpherical triangles^ and for the folutiou 
of all poffible cafes of oblique fpherical triangles (by means of the arc 
drawn from- one of its angles perpendicular on tfie oppofite fide) ; ex- 
cepting when the three angles, or the three fides only, are the data. 

(29) Rem. 2. This theorem^ by cdhfining the middle part to the two 
fides, (22) ferves alfo for the folution of all poffible cafea of redlangular 
plane triangles, and for the folution of all poffible cafes of obUque angled 
plane triangles (by means of the perpendicular drawn from an angle to 
to the oppofite fide) ; excepting when the three fides only are the data.. 

(30) Rem. 3. Were the complements of the two parts adjoining to 
the right angle or quadrant fide and the other three natural parts taken 
as the circular parts, the theorem would be,, 

Rxcof Mzzcot Axcot a—fm Oxfin 0^ 
But the other is preferable, becaufe it is more eafily remembered. The 
fecond letter of the word tangent is the fame with the firfl of adjacent^ 
It is the fame of the words ccifine and oppofite.. If this is attended to, 
it is hardly poffible to forget the enunciation of the theorem. 

(31) Theorem 2. Of the circular parts (17) of an obHque Ipherical 
triangle, the fquare of the fine of half the middle part, i^ to the fquare 
of the radius ; as the produdl of the fines of half tlie fum and half the 
diiFerence of the fum, of the adjacent parts and the remote part, is to the 
produ<5l of the fines of the adjacent parts. 

Dem. For fince (Fig. XIV.) fin V. fupp. B : R': : fin V, (AB+BC)-^fin 
V,.AC: fm ABXfmBC (11), it follows that fm*i fupp. B: R*:: fm 

a. ^' 
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{AB+ifc+Ac) xfin (3gf^->fc) linABxfinBC (2 and i) ; therefore (20) 
' • Sm'i M : R*: : fin (d±i±!?) X fin pT^-'" ) : fin. Ax fin a. 

(32) Theorem 3, Of the circular parts of an oblique fpherical tri- 
angle, The fquare of the cofine of half the middle part is to the fquarc 
of the radius ; as the produdt of the fines of half the fum and half the 
difference of the remote part and the difference of the adjacent parts, is 
to the produdt of the fines of the adjacent parts. 

Dem. For fince fm VB : R* : : fin V, AC— fin V, (AB— BC) : fin AB 
+firi BC (10), it follows that cof *i fupp. B : R*: : fini££±}?E^X fin 

iAc-^=m) : ABXfinBC (2) and (i) ; therefore (20) 

CoP^ M : R* : : fin(=±:^-) X fin ( >»~-^ ) : fin A X fin a. 



(33) Theorem 4. Gf the circular parts of an oblique fpherical tri^ 
angle, The fquare of the tangent of half the middle partis to the 
fquare of the radius ; as the produdt of the fines of half the fum and 
half the difference of the fum of the adjacent parts and the remote part, 
is to the produdl of half the fum and half the difference of the remote 
part and the difference of the adjacent part5. 

That is (by comparing the two preceding theorems) 

Tang*i M : R* : : fin(d±i±!")x fin(?+^=^) : fin(^±i5) X fin(^— ^g^) 

(34) Theorem 5, Of the circular parts of an oblique fpherical tri- 
angle. The product of the tangents of half the fum and half the diffe- 
rence of the fegments of the middle part is equal to the produdl of the 
tangents of half the fum and half the difference of the oppofite parts. 

Dem. For fince cof BA: cof BC :: cof DA: cof DC (27) it follows 
that cof BA+cof BC : cof BA— cof BC : : cof DA+cof DC : cof DA — 

co£ 
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cof DC; therefore (3) cot (^^) : tang (^2=£^) : : cot (^^) ;tang {^^) j 
therefore tang (^^^) X tang (5^) : : = tang {^^^) X tang {^^) j 

therefore (20 and 21) 

Tang r +0 X tang (^r ) = tang (2±f ) X tang (2^) 

(35) Rem. 4. By atiy of the theorems 2, 3, or 4, being given the 
three fides or three angles of a fphcrical triangle, may be found any of 
its angles or fides ; and, confining the middle part to the fupplement 
of an angle, being given the three fides of a plane triangle, may be 
found (22) 

(36) Rem, 5. By theorem 5, being given the three fides or three anglea 
of a fpherical triangle, the fegment of any of its fides or angles may be 
found ; and confining the middle part to a fide, being given the three 
fides of a plane triangle, the fegments of any of its fides may be found. 

(37) Rem. 6. By the firft theorem, and any one of the other four, 
may be folved all the pofiible cafes of fpherical and plane triangles* 
Of thefe four, the laft is the nioft elegant and tlie moft eaiily re- 
membered. 

(38) Theorem 6. Of the circular parts of an oblique fpherical tri- 
angle, the tangents of half the fum and half the difference of the feg- 
ments of the middle part are proportional to the fines of the fum and 
the difference of the adjacent parts. 

Dem. For fmce fin CD : fm DA : : cot C : cot A (26), it follows that 
fin CD+fm DA : fin CD — fin DA : : cot C+cot A : cot C — cot A ; there- 
fore tang (^^) : tang (e£r£i) : ; fm (A+C) : fm (A~C) ; therefore 

(20 and 21) 

Tan (^±-0 : tang (V) : : fm {A+a) : fin (A-^) 

{39) 
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{39) Rem. 7. By this theorem, being given two fides and the in- 
cluded angle, or two angles and the included fide of any triangle, tlxe 
fegments of the angle or fide m^y be found* 

(40) Theorem 7. Of the circular parts of an oblique fpherical triangle, 
•The tangents of half the fum and half the diflFerence of the adjacent parts 
are proportional to the tangents of half the fum and half the difference 
of the oppofite parts. 

Dem. For fince fin BC : fin BA : : fin A : fin C (25), it follows that 
fin BC+ fin BA : fin BC-^m BA : : fin A+ fin C : fin A— fin C, there- 
fore (4) tang (5^) : tang (^^) : : tang {d±£) ; tang (^) : there^ 

fore (20) 

Tang (^) : tang (i=i) r: tang (2±i) : tang (2=1). 

(41) Rem. 8. By this theorem, being given two fides and the includ- 
ed angle of a plane triangle (22), the other angles may be found. 

(42) Theorem 8. Of the circular parts of any fpherical triangle, The 
tangents of half the middle part and half the difference of the oppofite 
parts are proportional to the fines of half the fum and half the dif- 
ference of the adjacent parts.. 

Dem. For' fince tang (^)x tang ^)= tang (^f^x tan^(^),(34)j 

■• _ • ■ * 

and tang (^): tang. (^)::fm {A-\-a) : fm (A— a), (38); and tang 

5±2 : tang ?=i : : tang (^) : tang (^),(4o) it follows,thattang* {?±I\. 

tang* (2=?) :: fin {A+a) x tang ^ : fin (A-^)x tang (i=f);;. 

therefore (6) 

Tang 4 M : tang {9=i) : ; fin {d±l) : fin (^), 

(43) 

I 1 
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(4^) Theorem 9. Of the circular parts of an oblique fpherical triangle, 
The tangents of half the middle part and half the fum of the oppofite 
parts are proportional to the cofines of half the fum and half the dif- 
ference of the adjacent parts, 

Dem. For fmce tang {^) x tang (^) - tang (2±i) x tang (^), (34); 

and tang (^) :tang ('^) :: fin (A+^) : fm (A — a), (38); and tang 
9r± : tang ^- : : tang ^ : tang ^ (40) ; it follows, that tang * i+'- 

tang* ^: :fm (A+^) tang -1=2 : fin (A — a) tang (^) : therefore (7) 
* Tang 4M; tang 2±£ :: cof ±ti : cof tizi. 

(44) Rem. 9. From thefe two theorems it is evident, that, being gi- 
ven two angles and the included fide, or two fides and the included 
angles of any fpherical triangle, the other two fides, or the other two 
angles may be found ; and being given two angles ^nd the included fide 
of any plane triangle, the other two fides may be found by /wo analogies 

only. 

From thefe proportions are deduced the following 

TRIGONOMETRICAL FO RMULJE. 

t 

(45) In any fpherical triangle ABC, Fig/ XIV. we have 

Sin AB X ftn BG : R': : fm yfC+AB^FC x fm AC-^ab-BC : fin* ^6(3 2) 

7, % 

Sin AB X fm BC : R* :: fin i^+|£+^X fm ab+bc^ac : cof *4B,(3 1) 
Sin AB+isa+AC x fm 2b +£C—/1C : R* :: fm ac+ab—bc.x fin 

% % % 

AC—AB^^BC ; tang*iB {^%^) 
■ Sin Ax fm C : R* : : --cof ^ tn- S x cof ^?Tc- -g : fm* i AC 






Sin A X fin C : R* : : cof^+^-^X qo{ B-a-c -. cof* I AC 



cof 
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Cof B+^—c x coi B—A-c : R* : : — co£ ^+c+B xco£ ^+c—B -. tang'^AG 
Tang i AC : tang bc+bj . . tang b c-b^ . tang cd-da 

7, % % 

Sin (A+C) : fin (A— C) : : tang 4 AC : tang cd-DA 

Z 

•CotiB : tang_l±£: : tangj±il: tang CDB—DBA 

Z 2 2 

6in (BC+BA) : fin (BC— BA) : : cot ; B : tang cbd-dba 

Tang ^C+BA .^ ^3j^g BC—B A . . ^^j^g A^rC . ^^ng ^—^ 

2 2 2 % 

Sin ^+g ; fin -^-^ : : tang ^ AC ; tang bc—ba 
Cof jl±£ : cof -^-g : : tang ^ AC : tang ^^+^-^ • 

2 2 .2 

Sin BC+B A, fm bc—ba .^ . cot i B : tang -^-^ 

Cof ££±?j1 : cof BC—BA . . cot ; B : tang ^+^ . 

» » • » 

(46) In any plane triangle ABC, Fig. XVI. we have (22) 
AB XBC : R* : : [ acj^ab-bc ) X [ AC-ah-bc ) -. fm* i B 

a » 

AB XBC : R' : ; ( ^j^+bc+ac) x {ab+bc-ac) ; cor j B 

a 2 • 

{ab+Tc+ac) X {ab+bc-ac) : R* : : (/f c+ ;?5i::eZ;) x, {ac-ab-bc) 

: tang* i B 
AC : BC+BA.: : BC—BA : CD— DA 
Sin (A+C) : fin (A— C) : : AC : CD— DA 
BC+BA : BC—BA : : tang -^+g : tang j±z£. : : cot ^ B : tang ±rl. 

a 2 * 

: : cot ^B : tang CDB—DBA 

2 

Sin ^+^ : fin ^-^ : : AC ; BC—BA 



Cof j1±1 : cof ^-g : : AC : BC+BA. 

a « 



rv. 
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IV. 



THE HYPERBOLA AS CONNECTED WITH THE LOGARITHMS. 



1. While a flraight Une PM (Fig. XVIL) moves parallel to itfelf 
along the indefinite flraight line CPD with a velocity always proportional 
to the diftance of its extremity P from a fixed point C, let its other 
extremity M approach to or recede from P, fo that PM may defcribe 
equal fpaces in equal times : The point P will defcribe a part PP' or Vp' 
of the ftraight line CD, while the point M defcribes a correfponding 
part MM' or "M/w of the curve ;w'SM'. 

2. If the motion is fuppofed to have begim at P, the ar«a PM M'F 
or PM m'p' is the logarithm of the abfcifs CF or Qp\ 

3. In order that equal fpaces may be delcribed in equal times, it is 
evident that the greater or finaller the abfcifs CP' or Cp' becomes with 
regard to CP, the fmaller or greater muft the ordinate P'M' or p'm' be- 
came with regvd to PM j Therefore CP' : CP : : PM : P'M', or Cp' : CP 
: : PM xp'tn- ; Therefore the produdl of any^abfcifs by the correlpondent 
ordinate is i conftant quantity : Therefore 

4. The curve m'SM! is a hyperbola having CD for one of its aflymp- 
totes, and C/, parallel to the ordinates, for the other. 

K k 5. 
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l\ ?: <• i ^ .<- v.'' 

J ' 



(^ 



\<- 



5. From tliis manner of conceiving the generation of the hyperbola 
might be deduced the properties of that curve and of the logarithms* 
That CD and Cj^, for inftance, touch the curve at an infinite diftance 
from C appears from this : When the abfcifs is infinite, the ordinate 
muft be zero, and v^rhen the abfcifs- is zero, the ordinate muft be infi- 
nite, in order that their produdl may equal the finite quantity PM 
X CP : And that the logarithm of CP is zero appears from this ; PM is 
length without breadth and therefore no fpace, 

6. Let CPzza, PM=/*, PP'=x and P'M'=j ; we have (3) >'=-^, or, 

developing the fradlion ;^ in the manner firft taught by Nicolas Merr 
cator*, 

y. It is evident that the fpace PMMT' is equal to the fum of all the 
ordinatcs /+/'+/'+ &c. on the abfcifs x. If the abfcifs is fup- 
pofed to be divided into an infinite number of infinitely fmall and equal 
parts, the abfciflk correfponding to the ordinates y\y'\y"\ &c. may be 
called I, 2, 3, &c : therefore (6) 

^*=^=^(i-^+^— ^+ &c) 



therefore 



/+/+/"+ &c...+^= 



"■"•—T" ""T ——■■■■I! U^V* • • • • J- 

fl' dS fl* a* 



l3 



r3 



Ji— &C 

' — -»^^^ ^A.V • • • • 

a* 



+ &C, &Ct 
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'Now, as Was firft demonllrated by Wallis*, the fum 1' -\- 2" -{- f + &c. 
continued to infinity, that is to x"" in this cafe, being equal to ^J^\ . ^q 

have 

PMMT'=L(a+x)=/*(x— ^ +^.— 6co) 

and, if X is negative, 

TMmy=L{a-x)=—f,{x-^^ + jL+ &c) 

8. The quantity ^o. depends on the angle DC/ =Oformed by the af- 
iymtotes and the diflance MN=:;7? of the point M of the curve from 

the afTy mptote CD ; as is evident from its value ^ rr ^^-^, vsrhere r de- 
:iiotes the radius of the gircl?* 

*-♦ Arith. Infiniu 
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V. 



PROPERTIES OF THE LOGARITHMIC. 



1. While two points a and B are in S, (Fig. XVIII.) moving in 
oppofite diredlions along the indefinite ftraight line CSD with a velocity 
always proportional to their diflance from a fixed point C, let all the 
points in SD and all the points in SC move in oppofite diredlions per- 
pendicularly to CSD with any uniform velocity ; and in the inflant that 
A or B pafTes through any point P' or p' let the point which left P' or 
p' flop in M^ or iw'; A and B will defcribe the axis, while the points that 
move perpendicular to it, defcribe all the ordinatcs, or the area of the 
curve m'SM'. 

2. This curve is called the logarithmic, becaufe its ordinate PM, F 
M' &c. are the logarithms of Its abfcifTae CP, CP', &c. 

3. The ordinate C/ , at the finite extremity C of the axis. Is an affymp^ 
tote to the curve : for, as the point that moves from S towards C can-^ 
not arrive at C in any finite time, the point that left C will move on 
for ever. 

4« The ordinate PM, a tangent to the curve at whole extremity^ M ^ "^^m. ^ ^ - <'- 
meets the point C, is called the modulus of the logarithmic. We fhall . 

call PM the logarithmic modulus and CS the numeric modulus. ' , , ?' , 

LI /. '^^-■" , 
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5. Let the portions Ft and P V of the axis be fuppofed defcribed in 
equal times ; and let the ftraight lines Mj', M*''^ be drawn perpendicular 
to the ordinates 'jFf/u^TfjJ : we have CP: CP' •/: Vw\ V\' and v[ji.zz¥ii/ ^ 
But, if the equal times are infinitely fmall, the arcs M^a, and yVfjt/ are 
ftraight lines and the right angled triangles CPM and Muft, fimilar ; con- 
i'equently CP : PM : : Mv or Pr : v/^ ; therefore CP' : PM :\V'w'\ ¥{/. or v^. 

6. To draw a tangent to any point M' of the Logarithmic. Upon the or- 
dinate PTVI' take PX'=PM ; join the points C and U and draw parral- 

> 

lei to CL' the ftraight line Wr meeting the axis in the point r j r'M" 
touches the curve in the point M' : For fince (5) CP" : PM or PX' : : F,'' 
or M'v' : v(j(.\ the triangles CPX' and M'v^ are fimilar i therefore Wfj(/ 
is parrallcl toCL' ; therefore &c : Hence, 

7. The ordinates to the aflymptote, MQ^ MCV, &c. have for their lo^ 
garithms its abfciflae CQ^ CC^: and 

8. The fubtangents CQ^ C'Q^ 5c c. upon the aflymptote are all equal 
to the logarithmic modulus PM, 

9. The fubtangent TT' upon the axis is to the ordinate P^' as the 

abfcifs Cr is to the modulus PM ; For the triangles TT'M' and CT'M' 

arc fimilar : Hence,. 

X o. The fubtangents upon the axis are to each other as the produdi 

of the abfciflae and ordinates. 

1 1. The fubnonnal P'N' upon the axis is to the ordinate as the loga- 
rithmic modulus to jhe abfcifs : For the triangles CPX' and M'FN' arc 

fitmilar: Hence, 

1 2« The fubnormals upon the axis are to each other as the quotients 
©f the ordinates and abfciflse.. 
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1 3 The fubtangent is to tlie fubnormal as the fquare of the abfcifa 
to the fquare of the logarithmic modulus. 

14, Let PM=/^, CF=2 and YM'zzy. and let z\ ?s% 5s\ • • . 5s« be any 
number of abfciflae in geometrical progreflion ; S\S''^''\. . . 5 *, the cor- 
refpondent fubtangents, and <r', <r", <r''' . . . . er", the correfpondent fub- 
normals upon the axis : we have, (10) and (12) 



ft Vl-fz/ Vl — a Jar 



9 <r 

SV S^fl-" S'" X sv 



/ — ,. X j» X 31 X 

\fL^ ) - tr'^7'^9"^ ^9' 

15. Let the numeric modulus CS=»i and SP'=w, tlie denomInation» 

• • 

ofPMand P'M' continuing as before : we have Y* zzx and /ifJ—y. 

•■ • • • •• 

Now OT+x: ^ :: * :^, (5) ; therefore ^=j^j or if «=i yi^itMy^^z:^ 

itx (i — ^x+^* — ^y'+8cc) and therefore 
jr=^(x — ^-+f-&c)=Log. (i+x), 

16. Let the area of any portion S'MT' of the curve = A : we have 

• • • • • • 

A=J8/; therefore A ri/^syzTsyf—^j^^: but /=:^ (5)joJ' (^5; J therefore 

j^z=/£tjK=/^2 J therefore Azr^y— ftz+C^- ^^^ when A=o, then zzrw 
and jf=(?; therefore o-zz — /^e^+C ; therefore Cinfwi and A =2 ^y— h)-t» 
f(^, that is 

1 7. The area of any portion of the logarithmic is equal to the rec- 
tangle under the abfcifs and the difference of the ordinate and the lo* 

ganthmic 
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garithmic modulus, together with the re(5langle under the moduli : 
Hence 

1 8. The re(Slangle CL, under the moduli, is equal to the area SMP 
contained by the logarithmic modulus PM, the portion of the axis MS, 
and the arc SM ; or to the area SmtC contained by the numeric mo- 
dulus SC, the aflymptote C/, and the infinite branch mS of the curve. 
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